Reasoning about Programs with Interruptions
Wolfgang Schreiner
Wolfgang.Schreiner@risc.uni-linz.ac.at

Research Institute for Symbolic Computation (RISC)
Johannes Kepler University, Linz, Austria
http://www.risc.uni-linz.ac.at

N,
N

Wolfgang Schreiner http://www.risc.uni-linz.ac.at 1/23



, 2N\,
Translating Commands to Formulas i
L}
Judgements:
C:F&

Vs,s' € State,e € Environment :
executes(control(s)) N[ C](s,s’) =
[F(e)(s,s")
Formulas:

.....

(F) AND wrltesonly h,...,l, AND
(next.continues => (F.)) AND
(next.breaks => (Fp)) AND
(next.returns => (F,)) AND
(next.throws =>

(next.throws Kj OR ... OR next.throws K,))
We ignore methods for the moment.
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Formul

a Language (Core Syntax)

7\

Fe
T e

Formula
Term

p € Predicate
f € Function

F ::= TRUE | FALSE

| p(Te,..., T | Thi=Ta | T1 /= T>

| readsonly | writesonly h,...,/,

| !F‘FlANDF2|FloRF2|F1=>F2‘F1<=>F2
| FL XOR F, | IF F THEN F; ELSE F, |

| FORALL $/1,...,$/,: F | EXISTS $h,...,$l,: F
| LET $h=T,...,$/,=T, IN F

Tu=1 |1 |$l|F(Ty,..., Ty
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| IF F THEN T; ELSE T,
| LET $/=T1,...,$/,=T, IN T | SUCH $/: F
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Formula Language (Core Semantics) W

] : Formula — Environment — StateRelation

[-
[TRUE][(€e)(s,s’) < TRUE
[FALSE](e)(s,s’) < FALSE
[p(Ty,..., T J(e)(s,s') <

[PI([ Ta1(e)(s, ), - -, [ Tal(e)(s,s))
[ T2 = T2(e)(s,s') & [ Ta](e)(s, ") = [ T2](e)(s, )
[ readsonly](e)(s ,s/) &s=5
[writesonly I, ..., I, 1(e)(s,s') & s =" EXCEPT h,..., I,
[1F1(e)(s,s) = —[FI(e)(s,s")
[ F1 AND F>](e)(s,s") < [ Fi](e)(s,s") AT F2](e)(s ")

[[FDRALL $h,.. Fl(e)(s,s') &

Vv, ..., Vi 6 Va/ue [Fl(e[h — w,..., Iy — v ])(s,s")
[EXISTS $4,..., Fl(e)(s,s') &

vy, ..., Vp € Va/ue [Fl(e[h — wi,..., In— va])(s,s)
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Formula Language (Core Semantics) N
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7\

Formula Language: Extended Syntax ‘& {'
S € State
F:o=...

| ALLSTATE #h, ... #l,: F
| EXSTATE #h, ... #l,: F
| S ==

| S. executes | S.continues | S.breaks
| S.returns | S.throws | S.throws /

T:=...|S.value

S :=now | next | #/
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Formula Language: Extended Semantics N

[-]: Formula — Environment — StateRelation

t[-A.LLSTATE #h,..., #l,: F](e)(s,s") &
Ya,. .., ¢n € Control : [Fl(e[h — c1,.. ., In— cnlc)(s,s’)
[EXSTATE #h, ..., #l,: F](e)(s,s') <
Hcl ..... ¢y € Control : [F](e[h + a,..., In— ¢cnlc)(s,s')
S21(e)(s,s) = [Sil(e)(s; s) = [S21(e)(s, ")
S executes]]( )(s,s") & executes([ S](e)(s,s’))
S.continues|(e)(s,s’) < continues([ S](e)(s,s’))
S.breaks|(e)(s,s’) < breaks([S](e)(s,s’))
S.returns|(e)(s,s’) & returns([ S](e)(s,s))
S.throws[(e)(s,s’) < throws([ S](e)(s,s’))
S.throws Iﬂ(e)( s e
LET c = [S](e )( s’) IN throws(c) A key(c) = I

[51
[
[
[
[
[
[
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Formula Language: Extended Semantics N

[-]: Term — Environment — (State x State) — Value

[S.value](e)(s,s') = value([ S |(e)(s, "))

] : State — Environment — (State x State) — Control
w](e)(s,s’) = control(s)

xt J(e)(s,s’) = control(s")

I(e)(s.5") = el)c

o

[-

[n
[ne
[#1
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Generic Rules g?

C [F]£i7F€,Fr7{K17 Km}

p is a permutation of {1,...,n}
C:[F Fc,Fb,Fr:{Kh Km}

1)+ Ip(n)
C: [F]FmFbyFrw{Kla K}

h,

T hA. A #],

C [F AND I’— /]IIC’Fb}::r,{Kl, ,K}

C [F]FALSE ,FALSE,FALSE,(]
C ) [F] Ila"'y n

C is a program without interruptions
C: [F ] h,.

FALSE "FALSE,FALSE,]
C:[F] b
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Assignments and Declarations

E~T
I =E:[I’=T AND next.executes]};ALSE’FALSE’FALSE’@

Fe,Fp,Fr{Ki,....Km
C: [Fpoy ot

I # Iy

var |; C:
[EXISTS $1,, 81 : F[$1s/1,$1,/1°]] <8, r 10 Hod

n

C: [F] Fe,Fp,Fr{K1,....Km, }

Byl d
I, # Ip
E~T
var I=E; C:

[EXISTS $/,,$/p :
$1,=T AND F[81,/1,81,/1°]] < 1ot
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Command Sequences (w/o Interruption) W
L}
[ F ] FALSE FALSE,FALSE,()
[F ] F;;'f&;7Fr7{K17 o Km}
C1 G -
[EXISTS $/1,...,$/,: EXSTATE #/;:
Fl[#ls/next][$ll//1’,.. $/n/l ] AND
Falttls /mow][$h /1y, ... $1,/1n] ] 1o (KK
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I
Command Sequences (with Interruption) N

[ ]Fclanh Fri {Kis...,Kim}
I17 7n

[F] Fei,For,Fra{L1,...,Lo}
Il--~n

Cl: C2
[EXISTS $h,...,$/,: EXSTATE #/,:
Fi[#ls/next][$h/h’,...,$1,/1,’] AND
IF #/;.executes THEN
Fa[#ls/now|[$h/h, ..., $1,/1]
ELSE

l;’=$; AND ... AND /,’>=$/, AND next==#/
]Fcl OR Fe2,Fp1 OR sz,Fd OR Fr2,{Ki,....,Km,L1,...,Lo}

vvvvv In
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Conditionals g?

Fe,Fp,Fr {Ki,....Kn
C Ry
E~F

if (E) C:[IF Fo THEN F ELSE readsonly],

[ ]Icl,th Fra {Kise,Km}
i,

FcyFbaFf7{K17 K }

[ ] 027Fb2> Fra,{L1,....Lo}
I,.

E Fo
if (E) C else G :

[IF Fo THEN F;
ELSE F, ]Fcl OR Fcz,Fbl OR Fp2,Fr1 OR F2,{K1,...,Km,L1,...,Lo}

Wolfgang Schreiner http://www.risc.uni-linz.ac.at 13/23



. 7Y
Interruptions N

continue : [next.continues | TRVE-FALSEFALSE,D
break : [next . breaks | FALSE, TRUE,FALSE,0
T~E
return E :

[next.returns

AND next.value=T ] FALSEFALSE TRUE,
T~E
throw /| E :

[next.throws /
AND next.value=T | FALSEFALSE FALSE {1}
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Interruption Handlers i

[ ]Fclanh Fra {Kise ', K}

.....

/ 75 /b
{ly by 0 {l, ... 0} =0
try G catch(l 1) G
[EXISTS $h,...,8/,: EXSTATE #/,:
Fi[#ls/next][$h/h°,...,$I,/1,’] AND
IF #/;.throws I, THEN
EXISTS $/,, $/p: EXSTATE #/,:
$/, = #/,.value AND #/;.executes AND
Fol#l: /now][$L/1][$h/h, ..., $1/1][$16/1, ]
ELSE

l,>=$/, AND ... AND /,’=$/, AND next==#l,
]Fcl OR Feo,Fp1 OR Fpo,Fr1 OR Fro,({K1,eoo, Ko P\ { I H)U{L1,...,Lo }
h
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Loops w/o Interruptions o

finiteExecution :
P(N x State™ x State x StateFunction x StateRelation)
finiteExecution(k, t,s, E, C) <
t(0) =sAVie Ng: E(t(/)) = TRUE A C(t(i), t(i + 1))
[while (E) C](s,s') &
Jk € N, t € State™ :
finiteExecution(k, t, s, E],[ C]) A
[ E](t(k)) # TRUE A t(k) =5’
C:[Fln.m,
E~H
while (E) C: [ ! H[Il ’//1, ey /,,’/In] ] hyeosls
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N

Loops w/o Interruptions with Invariants

Invariant(G, H, F),....;, =

G has no free variables A

Ve € Environment,s,s’ € Store :

[FORALL $h,...,$/,:
(G[$I1/I1 SRRy $In//n)] AND H[$I1/I1’ R $In/ln]
AND F[$h/h,...,$1,/1]) => G)](e)(s,s’)

C:[Fln,..m,
E~H
Invariant(G, H, F)y, ..,
while (E) C:[!'H[h’/h,...,1,°/l,] AND

(G[Il/ll R /,,/I,,’] => G)]h,mJn
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Wolfgang Schreiner t(k) =S

_ _ o/
Loops with Interuptions e

finiteExecution :

P(N x State™ x State™ x State x StateFunction x StateRelation)
finiteExecution(k, t, u,s, E, C) <
t(0) =sAu(0)=sA
Vi € Ny :
—breaks(control(u(i))) A executes(control (t(i))) A
E(t(i)) = TRUE A C(t(i),u(i + 1)) A
IF continues(control(u(i 4+ 1))) V breaks(control(u(i + 1)))
THEN t(i + 1) = execute(u(i + 1))
ELSE t(i + 1) = u(i + 1)
[while (E) C](s,s') &
Jk € N, t,u € State™ :
finiteExecution(k, t,u,s,[E],[ C]) A
(IE(t(K)) # TRUE v
—(executes(control (u(k))) V
continues(control(u(k))))) A
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Loops with Interruptions '& {.

C: [F]I::’FbgFr;Kl’.u,Km
: N

while (E) C:
[ 'next.continues AND
Inext. breakS]FALSE JFALSE,F,:K1,...,Km

F,FALSEF KiyeosKm
C:[FI '

E~H

while (E) C:
[ 'next.continues AND !next.breaks AND
(next.executes =>

! H[next/now][h Jhy oo )
]FALSE FALSE,FKy ...
L,
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Loops with Interruptions and Invariants i

Invariant(G, H, F),....;, =
G has no free (mathematical or state) variables A
Ve € ValueEnv,s, s € Store:
[FORALL $/y,...,$/,: ALLSTATE #/,,#l,:
(G[#ls/next][$h/h’, ..., $1:/1:°]
AND (#/;.executes OR #/;.continues)
AND #/; .executes
AND H[#l,/now][$h/h, ..., $1n/l,]
AND F[#l;/now|[$h/h,...,$1,/1])
= G)[(e)(s.5)
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Loops with Interruptions and Invariants i

C: [F]Zz.;’FbgF Ky, Km

/nvar/ant(G7 H, F)y.o,

while (E) C:
[ Inext.continues AND !next.breaks AND
(Gnow/next|[h/h’,..., 1,/1,°] =>

EXISTS #, : G[#l/next] AND
IF #/;.continues OR #/;.breaks
THEN next.executes

ELSE next == #/;)
]FALSE FALSE,FKy ..., Km
h,
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Loops with Interruptions and Invariants

Z4Y

.E. {.

C [F]Zi,FALSE FriKiy..o.,Km

E~H
Invariant(G, H, F)y,. ..,
while (E) C:
[ 'next.continues AND !next.breaks AND
(next.executes =>
! Hnext /now][h’ /h,...,1,’/1,]) AND
(Gnow/next][h/h’,... . 1n/1’] =>
EXISTS #/s : G[#/s/next] AND
IF #/;.continues OR #/s.breaks
THEN next.executes

ELSE next == #/;)
]FALSE JFALSE, F,;K1,..., K
h,
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Outlook N

Further calculi:
ClF
PRE(C,Q) =P
pPOST(C,P) = Q
TRANS(C,P) = C’
Expressions and interruptions
X=1/0
Methods
I = I (Ey,. .. Ep)

Stay tuned for more to come in this seminar.
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