A relational model of
programming
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At a glance

R What is a

3 program?

3 problem?
R What does ,specification” mean?
X How to

3 construct a program?

3 construct a correct program?
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Origins
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Scope

R Basics:
@3 Problems & Programs
3 State spaces
R Structured constructs
3 Correctness of derivation rules

R Further:
@3 Method of stepwise refinement
@3 Theorems on common patterns
3 Program transformations
3 Type theory
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Notation

R f:A - B (f is total)

R f € A—- B (f is partial)
RfFEAXBHCA: flr=fNHXB
R Dy, Ry

xR a:N-> A4, D, € NU{[1..n]|n € N}
@3 D, =N: a € A%®,|a| ==
@3 D, =[1..n]:a € &%, |a| =n,t(a) = a,
3 AP UA" =A™

3 x(al,a?,..) = red(concat(al, a?,..))
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Notation

R X;eg Ai = {XlX:I —>Uier Ai AV E X(l) = Al}
(generalized cross product)

®RJ E1,A =X;e; Aj, B =X;¢; Bj: Bisasubspace of A

@R a € A:prg(a) = a); (projection)
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State space

R Given finite set I and foralli € I, N > A4;
A =X A; 1s a state space

R E Lvi:A - A, v; = prg isavariable
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$

Problem

FCAXA
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Program

R The S € A X A™ relation is a program in A, iff
=
2. Va €Rg:a =red(a)
3 Va€eAvVa€eS():|la|l#0Aa;=a
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Effect relation

R The p(S) € A X A relation is the effect relation of the
program S, so that

1. Dp(g) = {a = AIS(a) C A*}
2 p(S)(a)=1{b € A|Fa € S(a):t(a) = b}
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R An S program solves an F problem iff

]. DF g Dp(g)

Solution

2. Va € Dr:p(S)(a) € F(a)
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R

.

Example

A=1{12345}SCAxXA"

(1,(1251)), (1,(14352)),(1,(132132 ...)), (2,(21)),(2,(24)),
(3,(333...)), (4,(41514)), (4,(431251)), (4,(41542)),
(5,(524)), (5,(5234))

F=1(21),(24),(41),(42),(4,5)}
p(S) =1(21),(24), (44),(41),(4,2), 54)}
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Stating a complex problem

R Specifying complete programs using ,,raw relations”
is cumbersome and error-prone

R Let us define notions of
3 pre- and postconditions, based on the
3 weakest precondition, yielding the concept of
3 specification.
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Weakest precondition

R Given S € 4 X A™ and R: A — L predicates,

o3 wp(S, R): A — L is the weakest precondition of S for R,
such that

3 [wp(S,R)| = {a . A|a € Dyis) Ap(s)(a) € [R]}

R Property: [wp(S,R)] = [R o p(S)]
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Decomposing the problem

tet us decompose

A F A
F € A X A into relations F;
and F,, such that %
3 F, € AXB,

@3 F, CB XA,
B F=F,0oF].
The set B is then called the
parameter space.

& B B m A
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Theorem of specification

R Let F € A X A be a problem, B its problem space with
F;€AXB,F, €BXAF =F,0oF;. Let us define for
all b € B the following predicates:

o [Qy] = {a € Al(a,b) € A} = V),
R [Ry] ={a € A|(b,a) € F,} = F,(b).
R If Vb € B: Q, > wp(S,R,) holds, S solves F. m
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Example

|
| AN RN
X
>Z,

a' ANa'#0
la|*2Aa" =0

PO T
SRS
|
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Programming task

R Let A =X;¢; A; be the state space. We call the 3-tuple
(F,P,K) a programming task, if
CREEC ANt A asic

o3 P, the set of primitive programs is a finite set of
programs in A

3 K, the set of allowed constructions is a finite set of
functions on the set of programs in 4

&R The S program is the solution of (F, P, K) iff S can be
constructed from P using K and solves F.
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SKIP and ABORT

R SKIP
o3 Va € A:SKIP(a) = (a)
©3 wp(SKIP,R) =R
R ABORT
03 Va € A:ABORT(a) ={a ...)
3 wp(ABORT,R) = false
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Assignment

RA =X A; ;) FS AXA
©3 S is called a general assignment iff Va € A:

{red({a,b))|b € F(a)},if a € Dp
o= { {a,a,a,..)},if a & D
R Now, we can prove, that:
3 F:A-> A wp(a:=F(a),R) =RoF
8 Dy = A [wp(a: € F(a),R)] = [R o F]
S RoF(b),if beD
: S B ) F
e G i) _{ s
3 DrCc A

SR A e
false,if b & Dr
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Sequence

&) Given programs 5,5, € A X A™, the following S;; S, ©
A X A™ program is their sequence:
@3 Va € A:5;S,(a) ={a € A®|a € S;(a)} U
{)((0:,,8) EA|ae S (a)NA"ABES, (T(a:))}

R effect relation:
@3 p(S) = p(Sy) O p(Sy)

R Derivation rule:
@3 If Q = wp(S,Q") AQ' = wp(S,, R), then
Q = wp(Sy; 52, R)
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Branch

@iven S, S5, ..., 5, € A X A™ programs and my, my, ..., Tyt A =
L predicates, we can construct (my: Sy, ..., T, Sy) = IF as:

Va € A:IF(a) = wy(a) U Uwi(a)
i=1

Si(a), if m;(a)
@, if ~m;(a)
(a,a,a,a..),if Vi-; ~m;(a)
@, otherwise

where Vi € [1..n]:w;(a) = {

and wy(a) == {
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Branch

R effect relation:
3 Dpar) =
{a € dlae UL mlnvie[l.n]:im(a) = a € Dys,)
03 Va € Dypy: pUF)(a) = Uiz, p(Si) ;1 (@)
R Derivation rule: if
©3 Q = Vi, m and

3 Vi € [1..n]: Q Amr; = wp(S;, R) holds, then
Q = wp(IF,R)
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Loop

leen m: A — L condition and an Sy € A X A™ program (loop body),
83@ = (m,Sy) €A XA is called a Iooop and is dlzrfmed as follows:

©3 Va & [r|:D0(a) = {{a)}
©3 Va € |r]: DO(a) =

o =l TR

a € A”|al € So(a) AVie [l.n—1]: (a'i € A" ANatl €5 (r(ai)) At(at) € [R’]) A

(a € A®vate A" At(a™) ¢ [r])

vVieN:Jal € A a = y(al, a?, ..) A

U{“ S a; € Sp(a) AVi € N: (a €A Aatl €S, (r(a"‘)) nr(at) € [“])
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Loop

R effect relation:

©35 p(DO) = p(Sy)|m
R Derivation rule: if

-

SN W N

Q=P

==l

S i ()

P AT = wp(Sy, P) and

PATAL=ty,=wp(Syt<ty) holds, then
Q = Wp(SO: R)
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Conclusions
3




Conclusions

& Model and course used with minimal modification
R 2-semester introductory course (BSc)
R Easier comprehension of later courses (BSc & MSc)

Barnabas Kralik - kralikba@inf.elte.hu

32




Questions?
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