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Motivation

In�nite Alphabets

WHY ?
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Motivation

XML documents, whose leaves are typically associated with data
values from some in�nite domain

Datalog systems with in�nite data domain

Software with integer parameters
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Models on in�nite alphabets

Register automata

Pebble automata

Data automata

Alternating automata

Two-way register automata

Two-way pebble automata

Weak pebble automata

etc.
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Problems on this models

Simplicity Criterion (e¤orts required in order to understand a given
automaton, work with it, and implement it)

Registers or pebbles requires a substantial modi�cation of the
transition function.

Registers and pebbles makes the automata hard to understand and
work with.

Even basic notions of such automata cannot simply rely on familiar
de�nitions of an nfa.

Data automata need to accept several subwords going through an
intermediate alphabet.

Transducers makes data automata very complex.
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Problems on this models

Compositionality Criterion (closure under the basic operations)

Data automata and register automata are not closed under
complementation.

Register automata need fragments requirements that limit the
number of registers.
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Problems on this models

Computability Criterion (decidability and complexity of classical
problems)

In pebble automata the nonemptiness, universality, and containment
problems are undecidable.

In data and register automata the universality and containment
problems are undecidable.

Nonemptiness of data and register automata is decidable but with
high complexity.

I.E. Mens (AUTh) Finite Automata over In�nite Alphabets 15/06/11 7 / 59



Variable �nite automata on words

introduced in

Grumberg, O., Kupferman, O., Sheinvald, S.: Variable automata over in�nite
alphabets. In: Proceedings of LATA 2010. LNCS, vol. 6031, pp. 561�572.
Springer, Heidelberg (2010)
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Preliminaries

Σ alphabet

Σ� free monoid generated by Σ
ε unit element of Σ� (empty word)

w = a1a2...an �nite word over Σ
w (i) = ai 2 Σ the label of w at i

Σ� all �nite words over Σ
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Preliminaries

De�nition
A = (Q, Γ,Q0,∆,F ) non-deterministic �nite automaton (nfa)

Q �nite state set

Γ �nite input alphabet

Qo � Q initial states

F � Q �nal states

∆ � Q � Γ�Q set of transitions

a word w = a1a2...an 2 Γ� is accepted by A

if there is a sequence (q0, a1, q1) , (q1, a2, q2) , ..., (qn�1, an, qn) of
transitions where q0 2 Q0, qn 2 F .
L (A) = fw 2 Γ� j w accepted by Ag

recognizable language

REC
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De�nitions
relabelings on alphabets

Σ , Σ0 alphabets (maybe in�nite)

A relabeling f : Σ ! P (Σ0)

Extended to
f : Σ� ! P (Σ0�)

Σ
f

Σ'

f(α)α

for w = α1α2...αn 2 Σ� , αi 2 Σ , 1 � i � n, let
f (w) =

�
w 0 = α01α02...α

0
n j α0i 2 f (αi ) for 1 � i � n

	
, and

f (ε) = fεg
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De�nitions
alphabets

Σ in�nite alphabet

ΣA � Σ �nite subalphabet of Σ constant alphabet

Z = fz1, ..., zkg, Σ \ Z = ∅ bounded variables

Y = fyg, y /2 (Σ [ Z ) free variable
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De�nitions
valid relabelings

Γ = ΣA [ Z [ fyg

f : Γ ! P (Σ)

Γ
f

ΣΑ

Ζ

y

Σ

ΣΑ

f is a valid relabeling on Γ if

(i) it is the identity on ΣA,
(ii) card(f (z)) = 1 for every z 2 Z ,
(iii) f is injective on Z and ΣA \ f (Z ) = ∅,
(iv) f (y) = Σ n (ΣA [ f (Z )).

VR(Γ) = all valid relabelings on Γ
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De�nitions
valid relabelings

Example
ΣA = fa, bg Z = fz1, z2g fyg

w = y b z1 b z2 a y a z1 y

w = d b c b o a k a c d

f
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De�nitions
valid relabelings

Example
ΣA = fa, bg Z = fz1, z2g fyg

w = y b z1 b z2 a y a z1 y

w' = d b c b o a k a c d

f

w' = c b r b k a d a r ρ w' = o b ñ b d a o a ñ o
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Variable Finite Automaton

De�nition
A variable �nite automaton is a pair A = hΣ,Ai where

Σ in�nite alphabet

A = (Q, ΓA,Q0,∆,F ) nfa

ΓA = ΣA [ Z [ fyg
ΣA � Σ �nite subalphabet
Z �nite alphabet of bounded variables
y free variable

L(A) = S
f 2VR (ΓA) f (L(A)) language accepted by A

VREC (Σ) recognizable languages over Σ

VREC recognizable languages over all in�nite alphabets
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Variable Finite Automaton
Examples

Example

A = hΣ,Ai
ΓA = fyg
(ΣA = ∅ , Z = ∅) q

y L (A) = y �

L (A) = Σ�

Example

L (A) = L (A) if Z = ∅ and Y = ∅

Proposition
REC � VREC.
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Closure Properties
Problems with classical constructions

L(1) = L
�
A(1)

�
L(2) = L

�
A(2)

�
A(1) =

D
Σ,A(1)

E
A(2) =

D
Σ,A(2)

E
A(1) = (Q(1), Γ(1),Q(1)0 ,∆(1),F (1)) A(2) = (Q(2), Γ(2),Q(2)0 ,∆(2),F (2))

Γ(1) = Σ(1) [ Z (1) [
n
y (1)

o
Γ(2) = Σ(2) [ Z (2) [

n
y (2)

o
Q(1) \Q(2) = ∅ Z (1) \ Z (2) = ∅

L(1) [ L(2)

from classical construction Γ = Γ(1) [ Γ(2)

I.E. Mens (AUTh) Finite Automata over In�nite Alphabets 15/06/11 31 / 59



Closure Properties
Problems with classical constructions

Problem (1)

If y (1) 6= y (2) =) two free variables

Solution
Consider one new free variable y

y 6= y (1) , y 6= y (2) , y /2 Σ [ Z (1) [ Z (2)

∆ =
n
(q, a, q0) 2 ∆(1) [ ∆(2) j a 2 Σ(1) [ Σ(2) [ Z (1) [ Z (2)

o
[
n
(q, y , q0) j

�
q, y (1), q0

�
2 ∆(1) or

�
q, y (2), q0

�
2 ∆(2)

o
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Closure Properties
Problems with classical constructions

Problem (2)

Γ(1) [ Γ(2)

Σ(1)

Σ(2)
Σ(1) Σ(2)

Z(1)

Z(2)

U

y

Σ(1) 6= Σ(2)
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Closure Properties
Problems with classical constructions

Problem (2)

Γ(1) [ Γ(2)

Σ(1)

Σ(2)
Σ(1) Σ(2)

Z(1)

Z(2)

U

y

Σ(1) 6= Σ(2)

w = az1 2 L
�
A(1)

�
a 2 Σ(1)

z1 2 Z (1)
=)

f 2 VR
�

Γ(1)
�

f (a) = a

f (z1) = b

=) w 0 = ab 2 L
�
A(1)

�
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Closure Properties
Problems with classical constructions

Problem (2)

Γ(1) [ Γ(2)

Σ(1)

Σ(2)
Σ(1) Σ(2)

Z(1)

Z(2)

U

y

Σ(1) 6= Σ(2)

if b 2 Σ(2), then f is not a valid relabeling on Γ

Is ab accepted by the new automaton?
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Closure Properties
Problems with classical constructions

Solution
A = hΣ,Ai a vfa f 2 VR(ΓA) Σ0 � Σ Σ0 n ΣA 6= ∅

Af = (Qf , ΓAf ,Q0f ,∆f ,Ff ) a nfa

Qf = fqf j q 2 Qg
Q0f = fqf 2 Qf j q 2 Q0g
Ff = fqf 2 Qf j q 2 Fg

Zf = fz 2 Z j f (z) 2 Σ0 n ΣAg
ΓAf = ΣA [ (f (Z [ fyg) \ Σ0) [ (Z n Zf ) [ fyg
∆f � Qf � ΓAf �Qf

∆f = f
�
qf1 , σ, q

f
2

�
j (q1, σ, q2) 2 ∆ and σ 2 (ΣA) [ (Z n Zf ) [ fygg

[
��
qf1 , f (z), q

f
2

�
j (q1, z , q2) 2 ∆ and z 2 (Zf )

	
[
��
qf1 , σ

0, qf2
�
j (q1, y , q2) 2 ∆ and σ0 2 f (y) \ (Σ0 n ΣA)

	
.
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Closure Properties
Problems with classical constructions

Solution
ΣA , Z , Σ0 �nite alphabets

The automata Af (f 2 VR(ΓA)) are �nitely many modulo the
identi�cation of state sets

V � VR(ΓA) �nite subset determining this class

Ag = (Qg , ΓAg ,Q0g ,∆g ,Fg ) 8g 2 V
Qg (g 2 V ) pairwise disjoint

A(Σ0,V ) = (QV , ΓV ,Q0V ,∆V ,FV )
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Closure Properties
Problems with classical constructions

Solution
A(Σ0,V ) = (QV , ΓV ,Q0V ,∆V ,FV )

ΓV = ΣA [ Σ0 [ Z [ fyg
QV =

S
g2V Qg

Q0V =
S
g2V Q0g

FV =
S
g2V Fg

∆V =
S
g2V ∆g

L
�
A(Σ0,V )

�
=
S
g2V L(Ag )

L(A(Σ0,V )) =
S
f 2VR (ΓV ) f

�S
g2V L(Ag )

�
I.E. Mens (AUTh) Finite Automata over In�nite Alphabets 15/06/11 41 / 59



Basic Lemma
(Mens-Rahonis)

Lemma

L(A) = L(A(Σ0,V ))
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Closure Properties
Union

Proposition

The class VREC (Σ) is closed under union.

Proof.

A(1) =
D

Σ,A(1)
E

A(2) =
D

Σ,A(2)
E

A(1) = (Q(1), Γ(1),Q(1)0 ,∆(1),F (1)) A(2) = (Q(2), Γ(2),Q(2)0 ,∆(2),F (2))

Q(1) \Q(2) = ∅ Z (1) \ Z (2) = ∅ y (1) 6= y (2)

A(1)
(Σ(2),V1)

=
�
Q(1)V1 , Γ

(1) [ Σ(2),Q(1)0V1 ,∆
(1)
V1
,F (1)V1

�
A(2)
(Σ(1),V2)

=
�
Q(2)V2 , Γ

(2) [ Σ(1),Q(2)0V2 ,∆
(2)
V2
,F (2)V2

� Q(1)V1 \Q
(2)
V2
= ∅
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Closure Properties
Union

Proof (continued).

disjoint union of A(1)
(Σ(2),V1)

and A(2)
(Σ(1),V2)

A = (Q(1)V1 [Q
(2)
V2
, Γ,∆

(1)
V1 [ ∆

(2)
V2 ,Q

(1)
0V1
[Q(2)0V2 ,F

(1)
V1
[ F (2)V2

)

Γ = Σ(1) [ Σ(2) [ Z (1) [ Z (2) [ fyg
transition set ∆

(i )
Vi obtained from ∆(i )Vi , i = 1, 2,

by replacing every occurrence of y (i ) with the new symbol y .

We will show that L(A) = L
�
A(1)

�
[ L

�
A(2)

�
where A = hΣ,Ai
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Closure Properties
Union

Proof (continued).

L(A) � L
�
A(1)

�
[ L

�
A(2)

�
w 2 L(A)

9u 2 L(A)
9f 2 VR(Γ)

)
=) w 2 f (u)

9u0 2 L
�
A(1)
(Σ(2),V1)

�
[ L

�
A(2)
(Σ(1),V2)

�
such that

u is obtained from u0 by replacing every occurrence of y (1) and y (2) with y
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Closure Properties
Union

Proof (continued).

u0 2 L
�
A(1)
(Σ(2),V1)

�
[ L

�
A(2)
(Σ(1),V2)

�
If u0 2 L

�
A(1)
(Σ(2),V1)

�
f 0 : Γ(1) [ Σ(2) ! Σ

f 0 (σ) =

(
f (σ) σ 2 Σ(1) [ Σ(2) [ Z (1)

f (y) [ f
�
Z (2)

�
σ = y (1)

f 0 2 VR
�

Γ(1) [ Σ(2)
�
and w 2 f 0(u0) =) w 2 L

�
A(1)
(Σ(2),V1)

�
=) w 2 L

�
A(1)

�
If u0 2 L

�
A(2)
(Σ(1),V2)

�
similarly.
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Closure Properties
Union

Proof (continued).

L
�
A(1)

�
[ L

�
A(2)

�
� L(A)

w 2 L
�
A(1)

�
[ L

�
A(2)

�
If w 2 L

�
A(1)

�
=) w 2 L

�
A(1)
(Σ(2),V1)

�
=)

9u 2 L
�
A(1)
(Σ(2),V1)

�
9f 2 VR(Γ(1) [ Σ(2))

9=;
=) w 2 f (u)

f 0 : Γ ! Σ(
f 0 (σ) = f (σ) σ 2 Σ(1) [ Σ(2) [ Z (1)

f 0(z) 2 Σ n
�

Σ(1) [ Σ(2) [ f (Z (1)) [ Σ00
�

z 2 Z (2)

Σ00 : all labels of w obtained by replacing all occurrences of y in u.
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Closure Properties
Union

Proof (continued).

u0 the word obtained from u by replacing every occurrence of y (1) with y .

u0 2 L(A) and w 2 f 0(u0) =) w 2 L (A).

If w 2 L
�
A(2)

�
similarly

L(A) � L
�
A(1)

�
[ L

�
A(2)

�
L
�
A(1)

�
[ L

�
A(2)

�
� L(A)

9>=>; =) L(A) = L
�
A(1)

�
[ L

�
A(2)

�
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Closure Properties
Intersection

Proposition

The class VREC (Σ) is closed under intersection.

Proof.

A(1) =
D

Σ,A(1)
E

A(2) =
D

Σ,A(2)
E

A(1) = (Q(1), Γ(1),Q(1)0 ,∆(1),F (1)) A(2) = (Q(2), Γ(2),Q(2)0 ,∆(2),F (2))

Z (1) \ Z (2) = ∅ y (1) 6= y (2)

A(1)
(Σ(2),V1)

=
�
Q(1)V1 , Γ

(1) [ Σ(2),Q(1)0V1 ,∆
(1)
V1
,F (1)V1

�
A(2)
(Σ(1),V2)

=
�
Q(2)V2 , Γ

(2) [ Σ(1),Q(2)0V2 ,∆
(2)
V2
,F (2)V2

�
I.E. Mens (AUTh) Finite Automata over In�nite Alphabets 15/06/11 49 / 59



Closure Properties
Intersection

Proof (continued).

((Z (1) [ Y (1))� (Z (2) [ Y (2))) n
n�
y (1), y (2)

�o
alphabet

R � ((Z (1) [ Y (1))� (Z (2) [ Y (2))) n
n�
y (1), y (2)

�o maximal
subalphabet

(every element of Z (1) (resp. Z (2)) occurs as a left (resp. right)
coordinate in at most one pair in R)

Let R1, . . . ,Rm , and for every 1 � j � m

ARj =
�
Q(1)V1 �Q

(2)
V2
, ΓRj ,Q

(1)
0V1
�Q(2)0V2 ,∆Rj ,F

(1)
V1
� F (2)V2

�
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Closure Properties
Intersection

Proof (continued).

ARj =
�
Q(1)V1 �Q

(2)
V2
, ΓRj ,Q

(1)
0V1
�Q(2)0V2 ,∆Rj ,F

(1)
V1
� F (2)V2

�
ΓRj = Σ(1) [ Σ(2) [ Rj [

n�
y (1), y (2)

�o
Rj set of bounded variables
(y (1), y (2)) free variable

∆Rj= f((q(1)1 , q
(2)
1 ), σ, (q

(1)
2 , q

(2)
2 )) j (q

(i )
1 , σ, q

(i )
2 ) 2 ∆(i )Vi ,

i = 1, 2, σ 2 Σ(1) [ Σ(2)g
[f((q(1)1 , q(2)1 ), (x (1), x (2)), (q(1)2 , q(2)2 )) j (q(i )1 , x (i ), q

(i )
2 ) 2 ∆(i )Vi ,

i = 1, 2, (x (1), x (2)) 2 (Rj ) [ Y g.

We show that L
�
A(1)

�
\ L

�
A(2)

�
= L(AR1) [ . . . [ L(ARm )
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Emptiness Problem

Proposition

The emptiness problem is decidable in VREC (Σ).

Proof.
L 2 VREC (Σ)
L = L(A) where A = hΣ,Ai is a vfa.
L = ∅ i¤ L(A) = ∅

Since the emptiness problem is decidable for recognizable languages we are
done.
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Equivalence Problem
Application of a more general result for trees (Mens-Rahonis)

Theorem
The equivalence problem is decidable for

(i) vfa whose transitions do not contain any free variable

(ii) vfa whose transitions do not contain any bounded variable.
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Universality Problem
Application of a more general result for trees (Mens-Rahonis)

Proposition
The universality problem is decidable for vfa whose transitions do not
contain any bounded variable.

Proof.
the variable automaton

q

y

accepts L (A) = Σ�

equivalence problem is decidable

I.E. Mens (AUTh) Finite Automata over In�nite Alphabets 15/06/11 54 / 59



Complementation

Proposition

The class VREC (Σ) is not closed under complementation.
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Open Problems and Future Research

Determinization (in Grumberg et al. this problem is identi�ed with
the unambiguity)

Extension to trees (done by Mens-Rahonis in [5])

Extension to in�nite trees (under progress by Mens-Rahonis)
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Thank You!
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Omitted Proofs - Basic Lemma

Lemma
L(A) = L(A(Σ0,V ))

Proof.
Let w = α1α2...αn 2 Σ� , αi 2 Σ , 1 � i � n

We will show L(A) � L(A(Σ0,V ))
Let w 2 L(A)

9u = u1u2...un 2 Γ�A , ui 2 ΓA , 1 � i � n
f 2 VR(ΓA)

�
=) w 2 f (u)

By construction of A(Σ0,V )
9g 2 V such that

�
g(z) = f (z) 8z 2 Zf
g(y) \ Σ0 = f (y) \ Σ0
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Omitted Proofs - Basic Lemma

Proof.
We de�ne for 1 � i � n
u0i =

�
ui if (ui 2 ΣA [ (Z n Zf )) or (ui = y and wi /2 Σ0 n ΣA)
wi if (ui 2 Zf ) or (ui = y and wi 2 Σ0 n ΣA).

=) u0 = u01u
0
2...u

0
n 2 L(Ag )

f 0 2 VR (ΓV )
f 0(z) = f (z) for every z 2 (Z n Zf )
f 0(z) 2 Σ n (ΣA [ Σ0 [ f (Z n Zf )) for every z 2 (Zf )
f 0(y) = Σ n (ΣA [ Σ0 [ f 0(Z ))

w 2 f 0(u0) =) w 2 f 0(L(Ag )) =) w 2 L(A(Σ0,V ))
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Omitted Proofs - Basic Lemma

Proof.
We will show L(A(Σ0,V )) � L(A)

Let w 2 L(A(Σ0,V ))

9 u = u1u2...un 2 L(A(Σ0,V )), ui 2 ΓV 1 � i � n
9 f 2 VR (ΓV )

�
=) w 2 f (u)

9 g 2 V : u 2 L (Ag ) =) w 2 f (L(Ag ))

By construction of Ag
u0 = u01u

0
2...u

0
n 2 L(A) : u 2 g 0(u0)
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Omitted Proofs - Basic Lemma

Proof.
where g 0 : ΓA ! P(Σ) [ Z [ fyg

g 0 (σ) =

8>><>>:
g (σ) σ 2 ΣA
g (σ) σ 2 Zg
σ σ 2 Z n Zg
g(y) [ fyg σ = y

Now we consider f 0 : ΓA ! Σ8>><>>:
f 0 (a) = a a 2 ΣA
f 0 (z) = f (z) z 2 Z n Zg
f 0 (z) = g (z) z 2 Zg
f 0(y) = f (y) [ ((g(y) \ Σ0) n g (Zg ))

f 0 2 VR (ΓA)
w 2 f 0(u0)

�
=) w 2 L(A)
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Omitted Proofs - Union

Proposition

The class VREC (Σ) is closed under union.

Proof.

A(1) =
D

Σ,A(1)
E

A(2) =
D

Σ,A(2)
E

A(1) = (Q(1), Γ(1),Q(1)0 ,∆(1),F (1)) A(2) = (Q(2), Γ(2),Q(2)0 ,∆(2),F (2))

Q(1) \Q(2) = ∅ Z (1) \ Z (2) = ∅ y (1) 6= y (2)

A(1)
(Σ(2),V1)

=
�
Q(1)V1 , Γ

(1) [ Σ(2),Q(1)0V1 ,∆
(1)
V1
,F (1)V1

�
A(2)
(Σ(1),V2)

=
�
Q(2)V2 , Γ

(2) [ Σ(1),Q(2)0V2 ,∆
(2)
V2
,F (2)V2

� Q(1)V1 \Q
(2)
V2
= ∅
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Omitted Proofs - Union

Proof.

disjoint union of A(1)
(Σ(2),V1)

and A(2)
(Σ(1),V2)

A = (Q(1)V1 [Q
(2)
V2
, Γ,∆

(1)
V1 [ ∆

(2)
V2 ,Q

(1)
0V1
[Q(2)0V2 ,F

(1)
V1
[ F (2)V2

)

Γ = Σ(1) [ Σ(2) [ Z (1) [ Z (2) [ fyg
transition set ∆

(i )
Vi obtained from ∆(i )Vi , i = 1, 2,

by replacing every occurrence of y (i ) with the new symbol y .

We will show that L(A) = L
�
A(1)

�
[ L

�
A(2)

�
where A = hΣ,Ai
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Omitted Proofs - Union

Proof.

L(A) � L
�
A(1)

�
[ L

�
A(2)

�
w 2 L(A)

9u 2 L(A)
9f 2 VR(Γ)

)
=) w 2 f (u)

9u0 2 L
�
A(1)
(Σ(2),V1)

�
[ L

�
A(2)
(Σ(1),V2)

�
such that

u is obtained from u0 by replacing every occurrence of y (1) and y (2) with y
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Omitted Proofs - Union

Proof.

u0 2 L
�
A(1)
(Σ(2),V1)

�
[ L

�
A(2)
(Σ(1),V2)

�
If u0 2 L

�
A(1)
(Σ(2),V1)

�
f 0 : Γ(1) [ Σ(2) ! Σ

f 0 (σ) =

(
f (σ) σ 2 Σ(1) [ Σ(2) [ Z (1)

f (y) [ f
�
Z (2)

�
σ = y (1)

f 0 2 VR
�

Γ(1) [ Σ(2)
�
and w 2 f 0(u0) =) w 2 L

�
A(1)
(Σ(2),V1)

�
=) w 2 L

�
A(1)

�
If u0 2 L

�
A(2)
(Σ(1),V2)

�
similarly.

I.E. Mens (AUTh) Finite Automata over In�nite Alphabets 15/06/11 69 / 93



Omitted Proofs - Union

Proof.

L
�
A(1)

�
[ L

�
A(2)

�
� L(A)

w 2 L
�
A(1)

�
[ L

�
A(2)

�
If w 2 L

�
A(1)

�
=) w 2 L

�
A(1)
(Σ(2),V1)

�
=)

9u 2 L
�
A(1)
(Σ(2),V1)

�
9f 2 VR(Γ(1) [ Σ(2))

9=;
=) w 2 f (u)

f 0 : Γ ! Σ(
f 0 (σ) = f (σ) σ 2 Σ(1) [ Σ(2) [ Z (1)

f 0(z) 2 Σ n
�

Σ(1) [ Σ(2) [ f (Z (1)) [ Σ00
�

z 2 Z (2)

Σ00 : all labels of w obtained by replacing all occurrences of y in u.
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Omitted Proofs - Union

Proof.

u0 the word obtained from u by replacing every occurrence of y (1) with y .

u0 2 L(A) and w 2 f 0(u0) =) w 2 L (A).

If w 2 L
�
A(2)

�
similarly

L(A) � L
�
A(1)

�
[ L

�
A(2)

�
L
�
A(1)

�
[ L

�
A(2)

�
� L(A)

9>=>; =) L(A) = L
�
A(1)

�
[ L

�
A(2)

�

I.E. Mens (AUTh) Finite Automata over In�nite Alphabets 15/06/11 71 / 93



Omitted Proofs - Intersection

Proposition

The class VREC (Σ) is closed under intersection.

Proof.

A(1) =
D

Σ,A(1)
E

A(2) =
D

Σ,A(2)
E

A(1) = (Q(1), Γ(1),Q(1)0 ,∆(1),F (1)) A(2) = (Q(2), Γ(2),Q(2)0 ,∆(2),F (2))

Z (1) \ Z (2) = ∅ y (1) 6= y (2)

A(1)
(Σ(2),V1)

=
�
Q(1)V1 , Γ

(1) [ Σ(2),Q(1)0V1 ,∆
(1)
V1
,F (1)V1

�
A(2)
(Σ(1),V2)

=
�
Q(2)V2 , Γ

(2) [ Σ(1),Q(2)0V2 ,∆
(2)
V2
,F (2)V2

�
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Omitted Proofs - Intersection

Proof.

((Z (1) [ Y (1))� (Z (2) [ Y (2))) n
n�
y (1), y (2)

�o
alphabet

R � ((Z (1) [ Y (1))� (Z (2) [ Y (2))) n
n�
y (1), y (2)

�o maximal
subalphabet

(every element of Z (1) (resp. Z (2)) occurs as a left (resp. right)
coordinate in at most one pair in R)

Let R1, . . . ,Rm , and for every 1 � j � m, we consider

ARj =
�
Q(1)V1 �Q

(2)
V2
, ΓRj ,Q

(1)
0V1
�Q(2)0V2 ,∆Rj ,F

(1)
V1
� F (2)V2

�
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Omitted Proofs - Intersection

Proof.

ARj =
�
Q(1)V1 �Q

(2)
V2
, ΓRj ,Q

(1)
0V1
�Q(2)0V2 ,∆Rj ,F

(1)
V1
� F (2)V2

�
ΓRj = Σ(1) [ Σ(2) [ Rj [

n�
y (1), y (2)

�o
Rj set of bounded variables
(y (1), y (2)) free variable

∆Rj= f((q(1)1 , q
(2)
1 ), σ, (q

(1)
2 , q

(2)
2 )) j (q

(i )
1 , σ, q

(i )
2 ) 2 ∆(i )Vi ,

i = 1, 2, σ 2 Σ(1) [ Σ(2)g
[f((q(1)1 , q(2)1 ), (x (1), x (2)), (q(1)2 , q(2)2 )) j (q(i )1 , x (i ), q

(i )
2 ) 2 ∆(i )Vi ,

i = 1, 2, (x (1), x (2)) 2 (Rj ) [ Y g.

We show that L
�
A(1)

�
\ L

�
A(2)

�
= L(AR1) [ . . . [ L(ARm )
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Omitted Proofs - Intersection

Proof.

L
�
A(1)

�
\ L

�
A(2)

�
� L(AR1) [ . . . [ L(ARm )

w 2 L
�
A(1)

�
\ L

�
A(2)

�
9u1 2 L

�
A(1)
(Σ(2),V1)

�
, f (1) 2 VR(Γ(1) [ Σ(2))

9u2 2 L
�
A(2)
(Σ(1),V2)

�
, f (2) 2 VR(Γ(2) [ Σ(1))

) w 2 f (1)(u1) \ f (2)(u2)

We get dom(u1) = dom(u2) = dom(w).

8i 2 dom(w)

8<:
w(i) 2 Σ(1) [ Σ(2) =) u1(i) = u2(i) = w(i)
or
w(i) 2 Σ n (Σ(1) [ Σ(2))
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Omitted Proofs - Intersection

Proof.
The latter case implies:

there are bounded variables z (1) 2 Z (1), z (2) 2 Z (2) such that
u1(i) = z (1), u2(i) = z (2) and f (1)(z (1)) = f (2)(z (2)) = w(i), or

there is a bounded variable z (1) 2 Z (1) such that
u1(i) = z (1), u2(i) = y (2) and f (1)(z (1)) = w(i) 2 f (2)(y (2)), or

there is a bounded variable z (2) 2 Z (2) such that
u2(i) = z (2), u1(i) = y (1) and f (2)(z (2)) = w(i) 2 f (1)(y (1)), or

u1(i) = y (1), u2(i) = y (2), and w(i) 2 f (1)(y (1)) \ f (2)(y (2)).
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Omitted Proofs - Intersection

Proof.
By de�nition of the alphabets R1, . . . ,Rm , 9 1 � j � m :

f(u1(i), u2(i)) j i 2 dom(w) and w(i) 2 Σ n (Σ(1) [ Σ(2))g � Rj [ Y

We de�ne f 2 VR(ΓRj ) by letting

f ((x (1), x (2))) =8<: f (1)(x (1)) if (x (1), x (2)) 2
�
Z (1) � (Z (2) [ Y (2))

�
\ Rj

f (2)(x (2)) if (x (1), x (2)) 2
�
Y (1) � Z (2)

�
\ Rj

Consider the word u, with dom(u) = dom(w)

de�ned by u(i) =
�
w(i) if w(i) 2 Σ(1) [ Σ(2)

(u1(i), u2(i)) otherwise

Trivially u 2 L(ARj ) =) w 2 f (u) =) w 2 L(ARj ).
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Omitted Proofs - Intersection

Proof.
Let 1 � j � m and w 2 L(ARj )

9u 2 L(ARj )
9f 2 VR(ΓRj )

�
=) w 2 f (u)

We consider f (1) 2 VR(Γ(1) [ Σ(2)) and f (2) 2 VR(Γ(2) [ Σ(1)) de�ned as
follows:

f (1)(z (1)) = f ((z (1), x (2)))
8z (1) 2 Z (1) : 9x (2) 2 Z (2) [ Y (2) with (z (1), x (2)) 2 Rj

f (2)(z (2)) = f ((x (1), z (2)))
8z (2) 2 Z (2) : x (1) 2 Z (1) [ Y (1) with (x (1), z (2)) 2 Rj

f (i )
�
z (i )
�
2 Σ n

�
Σ(1) [ Σ(2) [ f (Rj ) [ (f (Y ) \ u(dom(u)))

�
for every remaining bounded variable z (i ) 2 Z (i ), i = 1, 2
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Omitted Proofs - Intersection

Proof.

Let u1 and u2 be the projections of u on Γ(1) [ Σ(2) and Γ(2) [ Σ(1),
respectively

By construction of the nfa ARj , we get that

u1 2 L
�
A(1)
(Σ(2),V1)

�
and u2 2 L

�
A(2)
(Σ(1),V2)

�

By de�nition of f (1) and
f (2) =) w 2 f (1)(u1) \ f (2)(u2)() w 2 L

�
A(1)

�
\ L

�
A(2)

�
We complete our proof by taking into account closure under union.
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Omitted Proofs - Equivalence Problem

Theorem
The equivalence problem is decidable for

(i) vfa whose transitions do not contain any free variable

(ii) vfa whose transitions do not contain any bounded variable.

Proof.
Let

A(1) =
D

Σ,A(1)
E

A(2) =
D

Σ,A(2)
E

A(i ) = (Q(1), Γ(1),Q(1)0 ,∆(1),F (1)) A(2) = (Q(2), Γ(2),Q(2)0 ,∆(2),F (2))

Γ(1) = Σ(1) [ Z (1) [
n
y (1)

o
Γ(2) = Σ(2) [ Z (2) [

n
y (2)

o
Z (1) \ Z (2) = ∅ y (1) 6= y (2)
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Omitted Proofs - Equivalence Problem

Proof.

Case (i) The transitions of A(1) and A(2) do not contain free variables

Consider

A(1)
(Σ(2),V1)

= (Q(1)V1 , Γ
(1) [ Σ(2),Q(1)0V1 ,∆

(1)
V1
,F (1)V1

)

A(2)
(Σ(1),V2)

=
�
Q(2)V2 , Γ

(2) [ Σ(1),Q(2)0V2 ,∆
(2)
V2
,F (2)V2

�
We consider the alphabet

Θ = (Σ(1) [ Σ(2)) [ (Z (1) � Z (2))

pri : Θ �! (Σ(1) [ Σ(2)) [ Z (i ) the projection relabelings, i = 1, 2

L1 = L
�
A(1)
(Σ(2),V1)

�
L2 =

�
A(2)
(Σ(1),V2)

�
L01 = pr

�1
1 (L1) L02 = pr

�1
2 (L2)
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Omitted Proofs - Equivalence Problem

Proof.
Let G be a maximal subalphabet of Θ
(Every element of Z (1) (resp. Z (2)) occurs as a left (resp. right)
coordinate in at most one pair in G )

Let G1, . . . ,Gm be an enumeration of all maximal subalphabets of Θ

Let L = (L01 \ L02) \ (G �1 [ . . . [ G �m)

Lemma
The following statements are equivalent

(i) pr1(L) = L1 and pr2(L) = L2.

(ii) L(A(1)) = L
�
A(2)

�
.
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Omitted Proofs - Equivalence Problem

Proof.
Assume that (i) holds.

Let w 2 L(A(1))

then,
9 u1 2 L1
9 f (1) 2 VR(Γ(1) [ Σ(2))

)
=) w 2 f (1)(u1)

Let u 2 L such that pr1(u) = u1 and let pr2(u) = u2
where dom(u1) = dom(u) = dom(u2)

Let also u 2 G �j , 1 � j � m

We de�ne f (2) 2 VR(Γ(2) [ Σ(1)):

f (2)(z (2)) = w(i) = f (1)(z (1)) 8i 2 dom(u) with u(i) = (z (1), z (2)),
z (1) 2 Z (1), z (2) 2 Z (2)

I.E. Mens (AUTh) Finite Automata over In�nite Alphabets 15/06/11 83 / 93



Omitted Proofs - Equivalence Problem

Proof.

We obtain that w 2 f (2)(u2) and since u2 2 L2, we get w 2 L(A(2)).
Thus L(A(1)) � L(A(2))

L(A(2)) � L(A(1)) (in a similar way)

)
=) L(A(1)) = L(A(2))

Assume next that (ii) holds

and we know that pr1(L) � L1 and pr2(L) � L2.

We will show that pr1(L) � L1 and pr2(L) � L2.

Let u1 2 L1 and consider
f (1) 2 VR(Γ(1) [ Σ(2))

and w 2 f (1)(u1)

)
=) w 2 L(A(1)) =) w 2 L(A(2))
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Omitted Proofs - Equivalence Problem

Proof.

w 2 L(A(2)) =)
9 u2 2 L2
9 f (2) 2 VR(Γ(2) [ Σ(1))

)
=) w 2 f (2)(u2)

We claim that
there exists a word u 2 L01 \ L02 : pr1(u) = u1 and pr2(u) = u2

IF NOT, then there is a position i 2 dom(u1) = dom(u2) such that
u1(i) 2 Σ(1) [ Σ(2) and u2(i) 2 Z (2)
or
u1(i) 2 Z (1) and u2(i) 2 Σ(1) [ Σ(2)

9=; contradiction because
w 2 f (1)(u1) \ f (2)(u2)

Now we claim that u 2 G �1 [ . . . [ G �m
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Omitted Proofs - Equivalence Problem

Proof.
Assume that u /2 G �1 [ . . . [ G �m

Then there are two positions i , j 2 dom(u) and
bounded variables z (1), z (1) 2 Z (1), z (2), z (2) 2 Z (2) such that

(1) u(i) = (z (1), z (2)) and u(j) = (z (1), z (2)), or

(2) u(i) = (z (1), z (2)) and u(j) = (z (1), z (2)).

If (1) holds. Then

u1(i) = u1(j) = z (1), and

u2(i) = z (2), u2(j) = z (2)

)
=)

f (1)(u1(i)) = f (1)(u1(j))

f (2)(u2(i)) 6= f (2)(u2(j))
contradiction because w 2 f (1)(u1) \ f (2)(u2).
The case (2) contradicts to our assumption, similarly

I.E. Mens (AUTh) Finite Automata over In�nite Alphabets 15/06/11 86 / 93



Omitted Proofs - Equivalence Problem

Proof.
Thus, we get u 2 L which implies L1 � pr1(L)

Proof.

L1, L2 2 REC =) L01, L
0
2 2 REC

G �1 [ . . . [ G �m 2 REC ) L 2 REC
pr1(L), pr2(L) 2 REC
The equality of recognizable

languages is decidable

9>>>>>>>=>>>>>>>;
)

the equalities
pr1(L) = L1 and
pr2(L) = L2
are decidable

Hence L(A(1)) = L
�
A(2)

�
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Omitted Proofs - Equivalence Problem

Proof.

Case (ii) The transitions of A(1) and A(2) without bounded variables

Without any loss Σ(1) = Σ(2)

if not, then on the vfa A(1) (similarly for A(2))

8 (q, y , p) 2 ∆(1) =) we add the transition
(q, σ, p), 8σ 2 Σ(2) n Σ(1)

Consider the alphabet Θ = Σ(1) [
n
(y (1), y (2))

o
the projection relabelings pri : Θ �! Σ(1) [

n
y (i )

o
, i = 1, 2

L1 = L
�
A(1)

�
, L2 =

�
A(2)

�
, L01 = pr

�1
1 (L1), L02 = pr

�1
2 (L2)

L0 = L01 \ L02
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Omitted Proofs - Equivalence Problem

Lemma

The following statements are equivalent

(i) pr1(L0) = L1 and pr2(L0) = L2.

(ii) L(A(1)) = L
�
A(2)

�
.

Proof.
Assume that (i) holds.

Let w 2 L(A(1)), then
9 u1 2 L1
9 f (1) 2 VR(Γ(1))

)
=) w 2 f (1)(u1)

Let u 2 L0 such that pr1(u) = u1 and let pr2(u) = u2
where dom(u1) = dom(u) = dom(u2)
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Omitted Proofs - Equivalence Problem

Proof.

We de�ne f (2) 2 VR(Γ(2)):
f (2)(y (2)) = f (1)(y (1)) 8j 2 dom(u) with u(j) = (y (1), y (2)),

We obtain that w 2 f (2)(u2) and since u2 2 L2, we get w 2 L(A(2)).
Thus L(A(1)) � L(A(2))

L(A(2)) � L(A(1)) (in a similar way)

)
=) L(A(1)) = L(A(2))

Next, assume that (ii) holds

We will show that pr1(L0) = L1 and pr2(L0) = L2
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Omitted Proofs - Equivalence Problem

Proof.
let u1 2 L1
Consider an f (1) 2 VR(Γ(1))
and a word w 2 f (1)(u1)

�
=) w 2 L(A(1)) =) w 2 L(A(2)) =)

9u2 2 L2
9 f (2) 2 VR(Γ(2))

�
=) w 2 f (2)(u2)

We claim that there exists a word u 2 L0

such that pr1(u) = u1 and pr2(u) = u2

If not, then there is a position j 2 dom(u1) = dom(u2) such that
u1(j) 2 Σ(1) and u2(j) = y (2)

or
u1(j) = y (1) and u2(j) 2 Σ(1)

9=; =) contradiction because
w 2 f (1)(u1) \ f (2)(u2)

Hence, L1 � pr�11 (L0)

and L2 � pr�12 (L0) is shown similarly
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Omitted Proofs - Equivalence Problem

Proof.
(ii) We use the notations of Lemma and similar arguments with the proof
of Statement (i) in this theorem.
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The End!
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