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Infinite Alphabets

WHY ?
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@ XML documents, whose leaves are typically associated with data
values from some infinite domain

@ Datalog systems with infinite data domain

@ Software with integer parameters
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Models on infinite alphabets

. @ Alternating automata
o Register automata _
@ Two-way register automata
o Pebble automata @ Two-way pebble automata
o Data automata @ Weak pebble automata
@ etc.
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Problems on this models

Simplicity Criterion (efforts required in order to understand a given
automaton, work with it, and implement it)

Registers or pebbles requires a substantial modification of the
transition function.

Registers and pebbles makes the automata hard to understand and
work with.

Even basic notions of such automata cannot simply rely on familiar
definitions of an nfa.

Data automata need to accept several subwords going through an
intermediate alphabet.

Transducers makes data automata very complex.
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Problems on this models

Compositionality Criterion (closure under the basic operations)

@ Data automata and register automata are not closed under
complementation.

@ Register automata need fragments requirements that limit the
number of registers.
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Problems on this models

Computability Criterion (decidability and complexity of classical
problems)

@ In pebble automata the nonemptiness, universality, and containment
problems are undecidable.

@ In data and register automata the universality and containment
problems are undecidable.

@ Nonemptiness of data and register automata is decidable but with
high complexity.
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Variable finite automata on words

introduced in

Grumberg, O., Kupferman, O., Sheinvald, S.: Variable automata over infinite
alphabets. In: Proceedings of LATA 2010. LNCS, vol. 6031, pp. 561-572.
Springer, Heidelberg (2010)
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Preliminaries

2. alphabet
X* free monoid generated by

e unit element of £* (empty word)

@ W = aiay...a, finite word over X
w (i) = aj € & the label of w at |

>* all finite words over X
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Preliminaries

A= (Q,T, @, A, F) non-deterministic finite automaton (nfa)

e @ finite state set

o I' finite input alphabet

o Q, C Q Initial states

e FC Q final states

o AC QXTI x Q set of transitions

aword w = ajay...a, € I'* is accepted by A

If there is a Sequence (qOY alv ql) ' (qu azv q2) RS (Qn—ly anv qn) Of
transitions where qg € Qp, gn € F.
L(A) = {w € T* | w accepted by A}

recognizable language

e REC
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Definitions

relabelings on alphabets

Y., ¥/ alphabets (maybe infinite)

o A relabeling f:X — P (X))
o Extended to
fEf— P (2

o for w=wmuar..0p, X", a; el , 1<i<n,let
° fw)={w =aja)..a) | a} € f(a;) for 1 <i<n}, and

° f(e) ={e}
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Definitions

alphabets

o X infinite alphabet
e X, CX finite subalphabet of X constant alphabet
o Z={z, ...z}, INZ=0 bounded variables
o Y={y}, y¢((ZXu2z free variable
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Definitions

valid relabelings

FIZAUZU{}/}

f:T—P(E)

f is a valid relabeling on T if
(i) it is the identity on X4,
(i) card(f(z)) =1 for every z € Z,
(i) fis injective on Z and 2o Nf(Z) =@,
)

(iv) fy) =2\ (ZaUf(2)).

VR(T') = all valid relabelings on T
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Definitions

valid relabelings

Y4 ={a b} Z={z, 2} {v}
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Definitions

valid relabelings

Y4 ={a b} Z={z, 2} {v}

w=ybz bzayazy
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Definitions

valid relabelings

Y4 ={a b} Z={z, 2} {v}

w=ybzibzayazy
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Definitions

valid relabelings

Y4 ={a b} Z={z, 2} {v}

w=ybzibzayazy
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Definitions

valid relabelings

Y4 ={a b} Z={z, 2} {v}

w=ybzibzayazy
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Definitions

valid relabelings

Y4 ={a b} Z={z, 2} {v}

w=ybzibzayazy
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Definitions

valid relabelings

Y4 ={a b} Z={z, 2} {v}

w=ybzbzayazy

! VoY

w=dbcboaka
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Definitions

valid relabelings

Y4 ={a b} Z={z, 2} {v}

w=ybz bzayazy
f

w=cbchoa:«ac
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Definitions

valid relabelings

Y4 ={a b} Z={z, 2} {v}

w=ybzibzayazy
f | Ty

w':dbcboakacd
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Definitions

valid relabelings

Y4 ={a b} Z={z,2} {v}

w=ybzbzayazy

w=dbcboakacd
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Definitions

valid relabelings

Y4 ={a b} Z={z,2} {v}

w=ybzbzayazy

w=dbcboakacd

w =cbrbkadarp w =obfibdaoafio
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Variable Finite Automaton

A variable finite automaton is a pair A = (X, A) where
@ 2. infinite alphabet
e A= (Q. T, Q,A, F)nfa
o Iy =XpUZU{y}

o X, C X finite subalphabet

o Z finite alphabet of bounded variables
o y free variable

o L(A) = Urevr(r, f(L(A)) language accepted by A
e VREC(X) recognizable languages over X
e VREC recognizable languages over all infinite alphabets
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Variable Finite Automaton
Examples

LA =LA f Z=Q and Y=0

Proposition
REC C VREC.
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Closure Properties
Problems with classical constructions

Lu>:L(Aug LQ):L(AQU

A — <z, A(1>> A — <z, A(2>>

AL = (W T QM AW F)) 4@ = (Q@),T?® Q) A@) F®)
ﬂU:szsz{%U} ﬂa:z®uzmu{¢a}

QNP = zWAzO —@

LDy L@

from classical construction T = T'V) yT(?
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Closure Properties

Problems with classical constructions

Problem (1)

If yO #£y@  —  two free variables

Consider one new free variable y
y#yV , y#y@, ygzuz®Wuz®

A= {(q, a,q)e AL YA |ac O yux@yzQy Z(Z)}

U {(q,y, q) | (q,y(l),q’> e AD or (q,y@),qf) c A(z)}

A
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Closure Properties

Problems with classical constructions

Problem (2)
r@vyr@
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Closure Properties

Problems with classical constructions

Problem (2)
r@vyr@
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Closure Properties

Problems with classical constructions

Problem (2)
r@vyr@

>(1) £ %2

if b€ £, then f is not a valid relabeling on T

Is ab accepted by the new automaton?
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Closure Properties

Problems with classical constructions

A= (X A) avia feVR(Tx) S CY S\ Tp £ O
o Ar = (Qr,Ta, Qo,, Ar, Fr) a nfa
o Q={q"lacq}
Q, ={d" € Q| g€ Q}
Fr={q" €Q|qeF}

Zf:{Z€Z|f(Z)€Z,\ZA}

o Ta, =ZaU(f(ZU{y})NZ)U(Z\ Zr) U{y}
AngfXFAfXQf

Ar = {(df.0.d}) | (q1.0,90) €A and o € (Za)U(Z\ Zr)U{y}}
U{(q{, f(z),qu) | (g1,2,q2) €A and z € (Zf)}
U{(qf.0".af) | (q1.y. @) € A and o’ € F(y) N (Z\Za)}.
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Closure Properties

Problems with classical constructions

@ X, Z,Y finite alphabets

o The automata A (f € VR(T'n)) are finitely many modulo the
identification of state sets

V C VR(Ta) finite subset determining this class
Ay = (Qg. Ta, Q. Ay, F;) VgeV

Qs (geV) pairwise disjoint

o Awv)=(Qv.Tv, Q. Av, Fv)
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Closure Properties

Problems with classical constructions

o A vy = (Qv.Tv, Q,, Av, Fv)
o Ty =AU UZU{y}
° Qv =Ugev Qg
o Qo, = Ugev Qu,

C FV:UgGVFg

o Ay =Ugey Ag

o L(Awy)) = Usev L(A)

o L(Aw v)) = Urevrry) f (Ugev L(Ag))
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Basic Lemma
(Mens-Rahonis)

L(A) = L(Aw,v))
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Closure Properties
Union

The class VREC(X) is closed under union.

AL = <z, A(l)> AQ) = <z, A<2>>

AL = (QW,TM QM AW FO)  A® = (Q® 1@, @, A®), F@)

QUNQER =@ ZWAzZA =@ O £,

1 1
Ay = (@ UE), Y Fw) -
ey ney =
A r@ys®, @ F® L
=0V, (Qv U Q v, )
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Closure Properties

Union

Proof (continued).

- c 1 2
disjoint union of AEZ)@),Vl) and AEZ)(U,Vz)

= (Q\(/ll)UQ 0 Ag/l)Uszonv UQOV v1 UF\(/z))

o T=x0uz@uz®uyz®u{y}
@ transition set Eﬁ/i) obtained from Ag/,) i=1,2,

by replacing every occurrence of y(i) with the new symbol y.

We will show that L(A) = L (AD) UL (A®) where A = (T, A)
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Closure Properties

Union

Proof (continued).

o L(A) C L(AD)uL(AD)

w e L(A)

du e L(A)
3f € VR(T) } = wefu)

1) )
W' € L(AY ) UL (ADL,, ) such that

u is obtained from u’ by replacing every occurrence of y(l) and y(z) with y
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Closure Properties

Union

Proof (continued).

ure L <Aglz)<2>,v1>) ot (Ag”'vﬂ)

(1)
If o' el (A(Z(z)’vl)>

f:TOyuz@® - %
£ (o) f (o) cex®Oyuz@yzo
) —
fly)uf (Z9) o=yW

f' € VR (r(l) U2(2)) andwe () = wel (A(l) ,
= wel (A(1)>

2 -
If v/ €L (AEZ)(I).V2)> similarly.
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Closure Properties

Union

Proof (continued).

oL<Am)UL(A®)gL@®

WeL(Am)uL(A®)

HWeL(MU>:$WEL<Am )::>EM€L<4QQWQ }

I 3f € VR(I® UZ®)
= w € f(u)
f:T > %
f' (o) = f (o) cex®Wuz®uyzO
f%)eZ\( uﬂ>UfuﬂDqu ze2z®

" : all labels of w obtained by replacing all occurrences of y in wu.
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Closure Properties

Union

Proof (continued).

v’ the word obtained from u by replacing every occurrence of y(l) with y.

vel(A)andwef ()= weL(A).

fwel <A<2>) similarly
L(A) C L (A<1>) UL (A<2>)

L (,4(1)> UL (A(z)) C L(A) — L(A) =1L (A<1)) UL (A(2))
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Closure Properties
Intersection

The class VREC(X) is closed under intersection.

proof
AL = <z, A(l)> AQ) = <z, A<2>>

AL = (QW,TM QM AW FO)  A® = (Q® 1@, @, A®), F@)
Z0AZD =@ 4 £,

1 1
AEZ) ) = (QV 1"(1 UZ(2) Q( ) A( ) F\(/l))

Vit

(2) (2) A F@)
Az v,) = (QV reuzt), Q. Ay, FVQ)
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Closure Properties

Intersection

Proof (continued).

(ZW U YW) x (2@ U y@))\ { (y<1>, y<2>)} alphabet

RC ((ZWuyYW)x (z@u v )>\{< )>} Z.T;Xai(;s;bet

(every element of Z() (resp. Z()) occurs as a left (resp. right)
coordinate in at most one pair in R)

Let Ry,...,Rm, and forevery 1 <j < m

1 2 1 2 1 2
Ar = (QU) x @12 Tr. Q) < Q2 Ar, FY x A
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Closure Properties

Intersection

Proof (continued).

;= (O x Q). T, Q) < Q) A, FP < FY)

o Tr, = =M UE@ URU { (yu),y@))}

° Rj set of bounded variables
o (y1),y@) free variable

o Ar= {((@ 4.0 (¢ ¢)) | (4.0 q8)) € A,

i:1,2,062()UZ()}

U@, ¢, xW, x®), (a5, ¢52)) | (a7, x,
' D, x®) e (R)U Y},

Il
J—‘
N
—~
%
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Emptiness Problem

Proposition
The emptiness problem is decidable in VREC(X).

Proof.

L € VREC(X)
L=L(A) where A= (X, A) is a vfa.

L=Qiff L(A) =Q

Since the emptiness problem is decidable for recognizable languages we are
done. O
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Equivalence Problem

Application of a more general result for trees (Mens-Rahonis)

The equivalence problem is decidable for

(i) vfa whose transitions do not contain any free variable

(ii) vfa whose transitions do not contain any bounded variable.
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Universality Problem

Application of a more general result for trees (Mens-Rahonis)

The universality problem is decidable for vfa whose transitions do not
contain any bounded variable.

@ the variable automaton
@
accepts L(A) =X*

@ equivalence problem is decidable

.

15/06/11 54 / 59
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Complementation

Proposition

The class VREC(X) is not closed under complementation.
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Open Problems and Future Research

@ Determinization (in Grumberg et al. this problem is identified with
the unambiguity)

e Extension to trees (done by Mens-Rahonis in [5])

@ Extension to infinite trees (under progress by Mens-Rahonis)
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Thank You!
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Omitted Proofs - Basic Lemma

L(A) = L(A(Z’,V))

Let w =wjap..0p, €X° 0, €% ,1<i<n

o We will show L(A) C L(Aw,v))
Let w € L(A)

Ju=wuw..u, €T}, vu€la, 1<i<n
feVR(s)

By construction of Az v

g(z)="Ff(z) VzeZ
dg € V' such that { 2(y) N = f(y) N Z
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Omitted Proofs - Basic Lemma

Proof.

We define for 1 <i<n

J = uj if (u,- EZAU(Z\Z{)) or (u,- :yand w; %2/\2,4)
Pl w if (€ Zp) or (uj =y and w; € T\ Zy).

= U = ujuy...u, € L(Ag)

fl e VR(Ty)

f'(z) =f(z) for every z € (Z'\ Zr)
f'(z) e L\ (ZaUX'UF(Z\ Z)) forevery z € (Zf)
f'ly) =2\ (ZaUX' UF(Z))

w e f'(u') = w e f'(L(Ag)) = w € L(Aw v))
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Omitted Proofs - Basic Lemma

o We will show  L(A(z,v) € L(A)
Let w € L(A(Z’,V))

du=uwuw..u, € L(A(Z’,V))v uely 1<i<n
3fe VR(TY) = w &)
JgeViuel(A) = we f(L(Ag))

By construction of A,
u = ujuh..u, € L(A) s ue g/ ()
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Omitted Proofs - Basic Lemma

where  g':Tp— P(X)UZU{y}

g(U) 0 EXp
, ) g(o) 7 E Z;
g =9 ¢ reZ\Z

gy)U{y} o=y

Now we consider f':T4 — X

f'(a)=a acXa
f'(z) =f(z) zeZ\ Z;
f'(z) =g (z) z€ Zg
f'(y) = f(Y)U((g( )NZ)\g(Z))
flwee‘/)ff ((53*) } — we L(A) 0
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Omitted Proofs - Union

The class VREC(X) is closed under union.

A = <z, A(1>> AQ) = <z, A<2>>
AD = (QW, T QM AW FO)  A® = (Q® 1@, @, A®), F@)

QUNQER =@ ZWAzZ@ =@ O £,

©  _ (oW © A0 )
Albler vy = (Qvl TOUED, oY), AY), Fl )

ey ney =0

2 2 2 2 2
A 1, = (02, T@Uz®, Q) AD, FD)
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Omitted Proofs - Union

L : (1) (2)
disjoint union of A(Z(2),v1) and A( 1.vy)

= (@} uQ®) 1,27 UAY) ) uQl) FP UFY)

o I=x0uz@uz®Ouyz@u{y}
(i)

@ transition set KV,— obtained from Ag/i), i=1,2,

by replacing every occurrence of y(’) with the new symbol y.

We will show that L(A) = L (AD) UL (A®) where A = (T, A)
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Omitted Proofs - Union

o L(A) C L(AW)uL(AD)

w e L(A)

du € L(A)
3f € VR(T) } — wef(v)

(1) (2)
el (A(Z<2>,v1)) UL (A(2<1>,V2)) such that

u is obtained from u’ by replacing every occurrence of y(l) and y@ with y
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Omitted Proofs - Union

. f (o) cex®Wuz@yz®
(o) = fFy)Uf (2(2)) o= ym
FeVR(TUE®) andwe F(v) = wel(Al, )

2 -
If o €L (AEZ)“),VZ)) similarly.
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Omitted Proofs - Union

oL(Am)UL(A®)gL@®

we L (AV)uL(A®)
Jue LAl
frore i (A(l)) —wel (A&)@) v1)> = . ( (Z<2>.V1)> }
= w € f(u)
f':T—-X
f' (o) = f (0) cexMuz®uyz®
f%@eZ\(ﬂUuz®Ufuﬂnuyj z€ 2@

X" : all labels of w obtained by replacing all occurrences of y in u.
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Omitted Proofs - Union

Proof.

u' the word obtained from u by replacing every occurrence of y1) with y.

vel(A)andwe f'(v)= weL(A).

fwel (A<2>) similarly
L(A) cL(AD)uL (A<2>)

L(AD) UL (A®) € L(A) —> L(A) = L (AD) UL (AD)
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Omitted Proofs - Intersection

The class VREC(X) is closed under intersection.

A = <z, A(1>> AQ) = <z, A<2>>
AD = (QW, T QM AW FO)  A® = (Q® 1@, @, A®), F@)

Z0nzO =g 0 £,
©  _ (oM 1) A O
AL = (@5 T Uz, ol AD )

@  _(p® ) AQ) ()
A2, o = (e 10 us, P, AP FE )
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Omitted Proofs - Intersection

((Z(l) U Y(l)) X (2(2) U Y(Z))) \ { <y(1),y(2)>} alphabet

maximal
RC ((ZMuYW)x (2@ U y@))\ {(y(l )} subalphabet

(every element of Z() (resp. Z()) occurs as a left (resp. right)
coordinate in at most one pair in R)

Let Ry, ..., Rm, and for every 1 < j < m, we consider

1 2 1 2 1 2
_ (Q\(/l) x Q7). Tr, Qf)) x Q) Mg, FY) F\(/2)>
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Omitted Proofs - Intersection

Proof |

Ar, = (QU) x @12 Tr. Q) < Q) Ar, A x FY)

o Tg =W UZ@URU { <y(1),y<2>>}

° Rj set of bounded variables
o (y), y(2) free variable

o Ar= {((a{”, a0 (g, a?)) | (¢, 0. gy € AY,
i=1,2, an(Uuz(?)}

UL((a", ), (xWV ><q§ ) 1 (a7 x0,¢") €AY,
2, (<0, x®) € (RYUY}.

We show that L (A(l)) nL (,4(2) = L(Ap)U...UL(Ag )

N—
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Omitted Proofs - Intersection

L(AD)NL(A®) C L(Ar)U...UL(AR,)

m

weL(AV)nL(AD)

Juy e L(AY D e VRIW yuz®
1 g)(zw) 2) ( @z ! = w € W (u) NP ()
Juz € L(AGw 4, F@) e VR(T® uzM)

We get dom(uy) = dom(up) = dom(w).
w(i) € ZMUZ®) = (i) = (i) = w(i)

Vi € dom(w) { or
w(i) € 2\ (2 Uz®@)
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Omitted Proofs - Intersection

The latter case implies:

there are bounded variables z(1) ¢ Z(1 ) z(2) € 7(2) such that
u (i) =2zW, w(i) =2z and f(1 z1) = @ (z2)) = w(i), or

(1
there is a bounded variable z(1) € Z(1) such that
u (i) = z(1), (i) = y( and f(l)(z( )) =w(i) € f(2)(y(2)), or

there is a bounded variable z(2) € Z(2) such that
u(i) = 2(2), n (i) = y(l) and f(z)(z@)) =w(i) € f(l)(y(l)), or

u (i) = y(l)' w (i) = y(2), and w(i) € f(l)(y(l)) N f<2)(y(2))_

I.E. Mens (AUTh) Finite Automata over Infinite Alphabets 15/06/11

76 / 93



Omitted Proofs - Intersection

Proof.
By definition of the alphabets R, ..., Rp, 31 << m:

{(u (i), (i) | i € dom(w) and w(i) € £\ (ZWUZ@)} CRUY

We define f € VR(Tg,) by letting

FO D) if (xMW), x@) e (20 x (z@ U y(2))) NR;
y(®) x Z(z)) R

Consider the word u, with dom(u) = dom(w)

. ~ [ ow(i) if w(i) e 2 uz®
defined by u(i) = { (ur (i), up(i)) otherwise

Trivially u € L(Ag,) = w € f(u) = w € L(AR)).
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Omitted Proofs - Intersection

Let 1 <j < mand w € L(Ag,)

du € L(AR)

If e VR(ij) = w € f(u)
We consider f(1) € VR(T™W Ux®)) and £ € VR(I'® UZM) defined as
follows:

o FW(z) = £((z1), x))
vz € zM : 3x@) € Z@ U Y@ with (21, x?)) € R;

J
(2)(2(2)) = f((X(l),z(2)))
vz € 72) . x(1) ¢ 7)) 4§ y@) with (x(l),z(2)) €R;

o 10 (200) €2\ (EWUZO UF(R) U (F(¥) N u(dom(w))))

for every remaining bounded variable e z0) =12
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Omitted Proofs - Intersection

Proof.

Let u; and up be the projections of u on IV UX?) and T Ux®),
respectively

By construction of the nfa Ag,, we get that

u €L (A&)@),Vl)) and wp € L (Ag)(n,vz)>

By definition of f(1) and
FO) — w e F (i) N FO (1) <= w e L (AV) L (AD)

We complete our proof by taking into account closure under union.
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Omitted Proofs - Equivalence Problem

The equivalence problem is decidable for

(i) vfa whose transitions do not contain any free variable

(ii) vfa whose transitions do not contain any bounded variable.

Let

A) = <Z,A(1)> AQR) — <Z,A(2)>

AD = (QW,TM QM AL FO)  A® = (Q® 1@, @, A®), F@)
ﬁn:zmuzmu{ﬁn} ﬂa:z®uzmu{¢a}

Z0nzZ® —gp 0 £,@
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Omitted Proofs - Equivalence Problem

Case (i) The transitions of A®) and A(2) do not contain free variables

1 1 1 1
Alglo vy = (@) TW UZ® oévf , A&R, )
Consider
(2) _ (2) (2)
At vy = (QV2 T@Uz®, P, 4, F )

We consider the alphabet
0=EMuz®)uzW® x z(2)

pri: ®@ — (2O Uuz@)yz® the projection relabelings, i = 1,2

1 _ (A2
=1 (Agz)(w,vl)) L= (A(Z(l),VQ))
L} = pr; H(Ly) Ly = pryY(Ly)
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Omitted Proofs - Equivalence Problem

Proof.

Let G be a maximal subalphabet of ®

(Every element of Z(1) (resp. Z(?)) occurs as a left (resp. right)
coordinate in at most one pair in G)

Let Gi,..., G, be an enumeration of all maximal subalphabets of ®

Let L= (L\NL)N(GU...UG) O

Lemma

| A\

The following statements are equivalent
(i) pri(L) = Ly and pry(L) = Lo.

(i) L(AW) =1L (A(2)).

\
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Omitted Proofs - Equivalence Problem

Proof.
Assume that (i) holds.

Let w € L(A()

du €L

e 5 41) ¢ VRIT® UZE)

} — wec fW(y)

Let u € L such that pry(u) = vy and let pr(u) = wp
where dom(u;) = dom(u) = dom(uy)

LetalsoueGj*, 1< <m
We define f?) € VR(T® uz®):

fP(z22)) = w(i) = FO(z)) Vi € dom(u) with u(i) = (21, 2(2)),
Z(l) [ Z(l), 2(2) - Z(Z)
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Omitted Proofs - Equivalence Problem

We obtain that w € f(?)(uy) and since uy € Ly, we get w € L(A®?)).
Thus L(AW) C L(A®P)
L(A®) C L(AM) (in a similar way)

} — L(AW) = L(AP)

Assume next that (ii) holds
and we know that pri (L) C Ly and pra(L) C L.

We will show that pri (L) D Ly and pra(L) D Ly.

Let u; € L1 and consider
f) € VR(rM uz®)

= we LAD) = w e L(AD®
and w € £ (1) } w e LAY) = w € L(AP))
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Omitted Proofs - Equivalence Problem

duw €Ly

@)
we LAY) = 3 £ e VR(I® uzW)

} — W £ f(2)<U2)

We claim that
there exists a word u € L} N LY : pri(u) = up and pr(u) = w

IF NOT, then there is a position i € dom(u;) = dom(uy) such that
j O yux® ' (2)
() €2 U el ap() € 2 } contradiction because

or w e fO(u) N F@ ()

u (i) € ZW and w(i) e zM U@

Now we claim that u € Gf'U...U G,
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Omitted Proofs - Equivalence Problem

Proof.
Assume that u & G U ... UG},

Then there are two positions /,j € dom(u) and
bounded variables z(l),?(l) € Z(l), 2(2),?(2) € Z?) sych that

(1) u(i) = (zM, z®) and u(j) = (zM,z3), or
2) u(i) = (zW, z®) and u(j) = Y, z?).

If (1) holds. Then

(i) = wn(j) = 2V, and } FO (un (i) = FO ()
(i) = 22, n(j) = 2% F2) (ua(i)) # £ (w2()))
contradiction because w € F() (uy) N FP) (wy).

The case (2) contradicts to our assumption, similarly
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Omitted Proofs - Equivalence Problem

Thus, we get u € L which implies L1 C pri(L) O
Ly,L, € REC = L}, L, € REC )
Gy U...UG: € REC = L € REC the equalities
pri(L) = L; and
pri(L), pra(L) € REC pra(L) = Ly
The equality of recognizable are decidable
languages is decidable )
Hence L(A®M)) = L <A(2)> O

A\
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Omitted Proofs - Equivalence Problem

Proof.
Case (ii) The transitions of A(®) and A@) without bounded variables
Without any loss (1) = x(2)

if not, then on the vfa A1) (similarly for A(2))

we add the transition

(1)
V(q,y.p) €AY = (q,0,p), \V’UGZQ)\Z(U

o Consider the alphabet ©® = (1) U {(y(l),y(Q))}
o the projection relabelings pr; : @ — () U {y(i)}, i=1,2
L= L (AW), L = (A®), 1} = pri (L), L = pr ' (Lo)

U'=1ntL
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Omitted Proofs - Equivalence Problem

The following statements are equivalent
(i) pri(L') = L1 and pra(L') = Lo.
(i) L(AW) =L (A@).

| A\

Proof.
Assume that (i) holds.

duw €Ly

1)
Let w € L(AW), then 3 /1) € VR(I®)

} — W £ f(l)(ul)

Let u € L’ such that pri(u) = uy and let pry(u) = uy

where dom(u1) = dom(u) = dom(u;)
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Omitted Proofs - Equivalence Problem

We define f2) € VR(T'):
F@(y@) = O (D) V) e dom(u) with u(j) = (¥, y?@),

We obtain that w € £(?)(uy) and since up € Ly, we get w € L(A®?)).
Thus L(AW) C L(AP)

1)y = (2)
L(A®) C L(AD) (in a similar way) } = LAT) = LA

Next, assume that (ii) holds
We will show that pry (L") = Ly and pry (L) = Ly
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Omitted Proofs - Equivalence Problem

let vy € L
Consider an f(1) € VR(r(l))
and a word w € f(l)(ul)

dwm el
3 £@) € VR(T®) } — w e o)

} — we Ll(AD) = we L(A®)) =

We claim that there exists a word u &€ L’
such that pry (1) = vy and pr(u) = w

If not, then there is a position j € dom(u;) = dom(uy) such that
un(j) € 2 and w(j) = y®
or
n(j) =y and w(j) € =M

Hence, L; C pry (L)

and Ly C pry *(L') is shown similarly O

contradiction because
w e fD(u) N FR (up)
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Omitted Proofs - Equivalence Problem

(i) We use the notations of Lemma and similar arguments with the proof
of Statement (i) in this theorem. O
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The End!
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