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A first-order formula F is a “sentence” that talks about “objects”.
Sentence: “The successor of every natural number has a natural number as its predecessor.”
Formula: Vx. isNat(x) = Jy. isNat(y) A isPred(y, succ(x))
Two kinds of syntactic phrases (“expressions”):
Terms denoting objects (values).
to=x|c| f(tr,...,tn)
Formulas denoting properties of objects (i.e., the truth values “true” or “false”).
F:o=T|L]|plt,....,t)| ... | (Vx. F) | (3x. F)
Variables x € X.
Constants ¢ € C, n-ary function symbols f € # and predicate symbols p € P.
Quantifiers ¥ (“universal quantifier’) and 3 (“existential quantifier”).

Vx. F: “for all (possible objects assigned to) x, F is true”.
Ax. F: “there exists some (possible object assigned to) x, for which F is true”.

Other versions of concrete syntax can be transformed into above “standard form”.
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We use the following abbreviations:

Vxi,...,x0. F~> Vx1. ... Vx,. F

dx1,..., x5 F~ dxq. ... 3x,. F
We apply the following binding rules:
(=) >...>(V,3

Without parentheses, the scope of a quantifiers ranges till the end of the formula.
Vx. isNat(x) = y. isNat(y) A isPred(y, succ(x))
~» Vx. (isNat(x) = 3Jy. (isNat(y) A isPred(y, succ(x))))

Be sure to (mentally) insert parentheses appropriately.

2/35



OCaml Type:

type term = Var of string | Fn of string * term list;;

type (’a)formula = False | True | Atom of ’a

| Not of (Pa)formula | And of (’a)formula * (’a)formula | Or of (’a)formula * (’a)formula
| Imp of (a)formula * (’a)formula | Iff of (’a)formula * (’a)formula

| Forall of string * (’a)formula | Exists of string * (’a)formula;;

type fol = R of string * term list;;
type folformula = fol formula;;

Execution:
# let f = << forall x. P(x) ==> exists y. R(x,F(x,y)) >> ;;
val £ : fol formula = <<forall x. P(x) ==> (exists y. R(x,F(x,y)))>>

let g = Forall("x", Imp(Atom(R("P", [Var "x"1)),
Exists("y", Atom(R("R", [Var "x"; Fn("F", [Var "x"; Var "y"1)1))))) ;;
val g : fol formula = <<forall x. P(x) ==> (exists y. R(x,F(x,y)))>>

First-order formulas are values of type fol formula. 3/35



Formula E: “everybody loves somebody”
Vx. Jy. loves(x, y)
Formula S: “somebody is loved by everybody”

dy. Vx. loves(x, y)

y=0y=1y=2y=3 y=0y=1y=2y=3
x=0 x=0
x=1 x=1
x=2 x=2
x=3 x=3
E: true, S: false E: true, S: true

The nesting order of quantifier matters.
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Non-closed formula:
equal(x, zero)
Truth value depends on value assigned to x: “true” for x = zero, “false”, otherwise.

Variable x is free in the formula.
If some of its variables are free, a formula is non-closed.

Closed formulas (sentences):
Vx. equal(x, zero) Ax. equal(x, zero)

Truth values do not depend on x: first formula is “false”, second one is “true”.
Variable x is bound in both formulas (by the quantifier v respectively 3).
If all of its variables are bound, a formula is closed.

The truth value of a formula only depends on the values assigned to the formula’s
free variables; it is independent of the values of the bound variables.
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fv(F) and fv(r) compute the set of free vars of formula F and term .
fv(T)=0 fv(x) = {x} fv(c)=0
fv(L) =0 fv(f(t1,..., th)) =fv(t1) U...Ufv(t,)

M 8050

VF) =) o) = Ko

WFL A F2) = V) UvF) V@y. 4. 3,2)) = V(g 3, DN}
fv(Fy Vv Fo) =fv(F1) Ufv(F2) oy D) = (o2}

fv(F1 = F2) =fv(Fy) Ufv(F2) W(p(,w)) = x.w}

fv(F| © Fo) =fv(Fy) Ufv(F3)
fv(p(x,w) = Jy. q(x,y,2)) = tv(p(x,w)) UTv(Ty. q(x,y,2))
fv(Vx. F) = fv(F)\{x}
E— ={x,wtU{x,z} = {x,w,z}

M(3x. F) = MO e, 562, = Zt e ) = D 9) = B e, 7 ) B
Quantifiers bind variables. ={x,w, z2}\{x} = {w, z}
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let rec fvt tm =
match tm with
Var x -> [x]

| Fn(f,args) -> unions (map fvt args);;

let rec fv fm =
match fm with
False | True -> []
Atom(R(p,args)) -> unions (map fvt args)
Not(p) -> fv p
And(p,q) | 0r(p,q) | Imp(p,q) | Iff(p,q) -> union (fv p) (fv @)
Forall(x,p) | Exists(x,p) -> subtract (fv p) [x];;

let generalize fm = itlist mk_forall (fv fm) fm;;

# fv <<forall x. p(x,w) ==> exists y. q(x,y,z) >>;;
- : string list = ["w"; "z"]
# generalize <<forall x. p(x,w) ==> exists y. q(x,y,z) >>;;

- : fol formula = <<forall w z x. p(x,w) ==> (exists y. q(x,y,z))>> 2135



A structure (D, I) consists of a domain D and an interpretation 7 on D:
D is a non-empty set of objects (D # 0).
The “universe” about which a first-order formula talks.
I maps every constant and function/predicate symbol to its meaning:
Constant ¢ € C: I(c) is an object in D (I(c) € D).
Function symbol f € # of arity n: I(f) is an n-ary function on D (I(f): D™ — D).
Predicate symbol p € # of arity n: I(p) is an n-ary predicate/relation on D
(I(p) € D").
A valuation (assignment) v maps every variable to its meaning:
Variable x € X: v(x) is an object in D (v(x) € D).

D =N
I = [0 > zero,+ — add, < + less-than, . . .]

v = [x  one, y — zero, z — three,...]
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Term semantics [ |7/ € D
Given structure (D, I) and valuation v, the semantics of term 7 is an object in D.

t v=x|c| f(t,...,tn)
The meaning of a variable is the value given by the valuation:
[P =)
The meaning of a constant is the value given by the interpretation:
[l =1(c)

The meaning of a function application is the result of the interpretation of the
function symbol applied to the values of the argument terms:

[ ) IO = 1A I L 10
The recursive definition of a function evaluating a term.
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D =N = {zero, one, two, three, . ..}
I = [0+ zero,+ — add,...]

v =[x one,y — two,...]

[x+G+0) I =add([x IV [y +010)
= add(v(x). [y +0 ")
= add(one, [ y +0 ]]f,)l)
= add(one, add([ y 1", [0 17"
= add(one, add(v(y), I(0))
= add(one, add(two, zero))
= add(one, two)
= three.

The meaning of the term with the “usual” interpretation. (035



D = P(N) = {0, {zero}, {one}, {two}, ..., {zero, one}, ...}
I1=[0+ 0,++ union,...]

a =[x — {one},y — {two},...]

[x+(+0) ] = union([x ]2 [y+0]P"
D.I)
v

= union(v(x),[y+0]
D,I)

union({one}, [ y+0]
= union({one}, union([[ y |2*%, [ 0 ]2*1))

union({one}, union(v(y), 1(0))

= union({one}, union({two}, 0))

union({one}, {two})

= {one, two}

The meaning of the term with another interpretation. (135



Formula semantics [ F |2/ € B
Given structure (D, I) and valuation v, the semantics of formula F is a truth value.

Fo=T|L]|pl,....;ty)| ... | (¥x. F) | (3x. F)
The meaning of the logical constants is a fixed truth value:
[T :=true  [L]P :=false

The meaning of an atomic formula is the result of the interpretation of the
predicate symbol applied to the values of the argument terms.

[otr,....t) 12" = 1) ([ 120, L ta 12)

The meaning of the basic formulas.
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The meaning of the logical connectives:
true if [ F]D! = false

[-F 19"
false else

true if [FL ]2 = F2 D! =true

|[F1 A Fo ]]6)’1 =
false else

false if [ F [P = [ F2 |2 =false

|[F1 V Foy ]]VD’I =
true else

false if [ F1 |2 =true and [ F» |2 = false

[[Fl = Fo ]]‘l,)’l =
true else

tue i [F 0" =[F2 ]

[[F1 S Foy ]]é)’l =
false else

———— —— ———

An embedding of the semantics of propositional logic into first-order logic. 545



(Vx. F) is true, if F is true for every possible object d assigned to variable x:
[Vx. F]P-1 = I
(3x. F) is true, if F is true for at least one possible object d assigned to x:

[3x. F]21 = [

Valuation v updated by the assignment of object d to variable x:

true if[F ]]f[’;Hd] =true forall din D

false else

true if l[F]]vD[’;Hd] = true for some d in D

false else

Vx o d] () = ‘d x=y

v(y) else
The core of the semantics of first-order logic.
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D = N3 = {zero, one,two} [ = [+ add,=+> equals,..

[Vx.3y.x+y= 6)[ ?
[3y. x+y=z ]]v[xr—»zero] =true
[x+y=2z J]v[x,_)Zero yiozero] = alse
[[ Xt+ty=z ]]v[x»—mero y—one] =false
[[ X+y=z ]]v[xr—mero ytwo] =lrue
[[ Jy.x+y=z ]]v[xr—mne] = true
D.1 _
[[X ty=z ]]V[XHone,szero] = false
[[x ty=z ]]v[x»—mne y—one] = true
[[)C ty=z ]]v[xr—»one y—two) = false
[Fy.x+y=2 ]]v[thwo] =true
[[ X+y=z ]]V[Xb—ﬂ;wo,y»—)zeroj = true
[[x ty=z ]]v[thwo y+one] ~ = false
= false

[[x ty=2z ]]v[x»—>tw0 ytwo)

Vx.y.x+y=z D’_true
Y

y

v =[x b one,y — two, z — two,...]
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let rec termval (domain,func,pred as m) v tm =
match tm with

Var(x) -> apply v x
Fn(f,args) -> func f (map (termval m v) args);;

let rec holds (domain,func,pred as m) v fm =
match fm with

False -> false

True -> true

Atom(R(r,args)) -> pred r (map (termval m v) args)

Not(p) -> not(holds m v p)

And(p,q) -> (holds m v p) & (holds m v q)

Or(p,q) -> (holds m v p) or (holds m v q)

Imp(p,q) -> not(holds m v p) or (holds m v q)

Iff(p,q) -> (holds m v p = holds m v q)

Forall(x,p) -> forall (fun a -> holds m ((x |-> a) v) p) domain
Exists(x,p) -> exists (fun a -> holds m ((x |-> a) v) p) domain;;

The structure is represented by a triple m = (domain, func, pred).
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let bool_interp =
let func f args =
match (f,args) with
(mo",[1) -> false
| (1", [1) -> true
| "+, [x35]) -> not(x = y)
| (" Ixsy]) > x &y
| _ -> failwith "uninterpreted function"
and pred p args =
match (p,args) with
(=", [x;y]) >x =y
| _ -> failwith "uninterpreted predicate" in
([false; true],func,pred);;

# holds bool_interp undefined <<forall x. (x = 0) \/ (x = 1)>>;;
- : bool = true
# holds bool_interp undefined <<forall x. (x + 1) + 1 = x>>;;

- : bool = true
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let mod_interp n =
let func f args =
match (f,args) with
o",[1) ->o0 | ("1",[1) -> 1 mod n
|+, [x59]) -> (x + y) mod n | ("x",[x;y]) -> (x * y) mod n
| _ -> failwith "uninterpreted function"
and pred p args =
match (p,args) with
("=",[x;y]) -> x =y | _ -> failwith "uninterpreted predicate" in
(0--(n-1) ,func,pred);;

# holds (mod_interp 2) undefined <<forall x. (x = 0) \/ (x = 1)>>;;
- : bool = true
# holds (mod_interp 3) undefined <<forall x. (x = 0) \/ (x = 1)>>;;

- : bool = false
# let fm = <<forall x. “(x = 0) ==> exists y. x * y = 1>>;;
val fm : fol formula = <<forall x. "x = 0 ==> (exists y. x * y = 1)>>
# filter (fun n -> holds (mod_interp n) undefined fm) (1--45);;

- : int list = [1; 2; 3; 5; 7; 11; 13; 17; 19; 23; 29; 31; 37; 41; 43]
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https://www.risc. jku.at/research/formal/software/RISCAL/

RISC Algorithm Language (RISCAL) o
File Edit SMT TP Help
AL t Analysis
290 oo ®
Translation: (% Nondeterminism DefaultValue: 0 Other Values: | ]

bpred divides(n:nat,n:nat) o 3p:nat. m-p

1ot gedtminat,ninat):
11 requires m %0 v :

12= Choose resuntinat wat

13 divides(result,m) A mvmes(resu\( n
14 -aret. Givides (r,m) n dieides(r,n] AT > result;

14 theoren gcdo(n:not) « med - gcd(n,0) =
17 theoren Gcd1(m:nat,ninat) = i = 6 1 = = gcd(m,n) = ged(n,m;
19 theoren geda(ninat,ninat) « 120 o n < m - ged(o,n win,

Sp—— nat)
21 requires me v nso,
22 ensures result - ged(n,m;

23{

2

25

26

27 imvariant a # 0 v b #0;
26 invariant ged(a, ' gcd(old_a,0ld_b);
29 decreases a+h;

30 {

31 ifa>b then

32 = ant

3 else

34 b = ba;

35}
36 return if a = 0 then b else
37}

38
39 fun gedf(menat, n:nat!
30 requires m0 v nso;
41 ensures result = gcd(n,n);
47 —decseasas—nin

Per Mi

Execution: (@ Silent Inputs: Branches: Dept

Visualization: [ | Trace [ ] Tree Width: 1500 Height: 800

Parallelism: | Multi-Threaded Threads: 4. Distributed Servers:| ||

Operation: | & | gedp(z,2) -

RISC Algorithm Language 4.0 (July 7, 2622)
https://wa.risc.jku.at/research/fornal/sof tware/RISCAL

(C) 2016-, Research Institute for Sybolic Computation (RISC)
This is free software distributed under the terns of the GNU GPL.
Execute "RISCAL -h" to see the available comnand line options.

Reading file tware/RISCAL/ pec/ged. txt
Usin
Type checking and translation completed.
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val N:IN; type Num = IN[N]; Using N=5.
Type checking and translation completed.

pred divides(m:Num,n:Num) & Executing t1Q).
dp:Num. m'p = n; Execution completed (24 ms).
pred isgcd(g:Num,m:Num,n:Num) & Executing gcdbound(Z,Z) with all 36 inputs.
divides(g,m) A divides(g,n) A ERROR in execution of gcdbound(0,0): evaluation of
VgO:Num. divides(gO,m) A divides(gO,n) = gcdbound
g0 < g; at line 23 in file algebra.txt:
theorem is not true
theorem t1() & isged(1,3,5); ERROR encountered in execution (8 ms).
theorem gcdbound (m:Num,n:Num) & Executing gcdbound0(Z,Z) with all 36 inputs.
Vg:Num. isgcd(g,m,n) = g < m A g < n; Execution completed for ALL inputs (46 ms,
theorem gcdboundO(m:Num,n:Num) & 36 checked, 0 inadmissible).

m# 0 An+#0 = Vg:Num. isgcd(g,m,n) =
g <mAg < n;

First-order logic over finite domains with fixed interpretations.
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The Model Checker RISCAL

Level 0:t2() - o x

b:false b:false b:false b:false éJ: false

oA B2 4] B4 GA

Visualization of formula semantics by a “partial evaluation tree”. 21/35




Let F denote a first-order formula, M = (D, I) a structure, v a valuation.

Formula F is satisfiable, if there exists some structure M and valuation v such
that [ F | =true .

Example: p(0, x) is satisfiable; g(x) A =g (x) is not.
Structure M is a model of formula F, written as M = F, if for every valuation v,
we have [ F | =true .

Example: (N, [0 — zero, p — less-equal]) E p(0,x)
Formula F is valid, written as [ F, if every structure M is a model of F, i.e., for
every structure M we have M E F.

Example: E p(x) A (p(x) = g(x)) = q(x)
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Formula F; is a logical consequence of formula Fy, written as Fy = Fs, if for
every structure M and valuation v, the following is true:

If [ F1 )M =true, then also [ F2 |M = true.
Example: p(x) A (p(x) = q(x)) F q(x)

Formula F is a logical consequence of formulas Fi, ..., F,, written
Fi,...,F, | F, if for every M and v the following is true:

If for every formula F; we have [ F; |M =true, then [ F ¥ = true.
Example: p(x), q(x) [ p(x) A g(x)

Formulas F; and F» are logically equivalent, written as Fy, = Fy, if and only if F;
is a logical consequence of F> and vice versa, i.e., F; E F> and Fs E F1.

Example: p(x) = g(x) = -p(x) V q(x)
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Satisfiability and Validity:
F is satisfiable, if —=F is not valid.
F is valid, if —=F is not satisfiable.

Logical Consequence and Equivalence
Formula F; is a logical consequence of formula F; (i.e., F1 | F») if and only if the
formula (F; = F») is valid.
Formula F is a logical consequence of formulas Fy, ..., F, (i.e., F1,...,F, E F) if
and only if the formula (F; A ... A F,, = F) is valid.
Formula F; and formula F» are logically equivalent (i.e., F1 = F») if and only if the
formula (F, © F») is valid.

Logical consequence/equivalence reduced to validity of an implication/equivalence.
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Assume F = F’ and G = G’. Then we have the following equivalences:

—-F =-F'
FAG=F NG’
FVG=F' VG’
F=>G=F =G
FeG=F oG
Vx. F =Vx. F’
Jx. F = 3x. F’

Logically equivalent formulas can be substituted in any context.
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In addition to the logical equivalences for connectives in propositional logic:
=Vx. F = 3x. =F (De Morgan’s Law)
—-3dx. F = Vx. =F (De Morgan’s Law)
Vx. (F1 A Fo) = (Vx. F1) A (Vx. F)
Ax. (F1 V F) = (3x. F1) V (3x. Fy)
Vx. (F1V Fy) = F1 V (Vx. Fs) if x & fu(Fy)
Ax. (FL AFo) = Fi A (3x. Fy) if x ¢ fu(Fr)

For a finite domain whose values are denoted by constants {c1,...,c,}:
Vx. F = Flci/x] A...AFlcp/x]

Ax. F=Flci/x] V...V F[c,/x]
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Push negations from the outside to the inside:
—(Yx. p(x) = Jy. q(x,y)) = Fx. ~(p(x) = Ty. q(x,y))
= 3x. 2((=px)) v Iy. q(x,y))
= 3x. ((==p(x)) A =Fy. q(x,¥))
= 3x. (p(x) A-3Fy. g(x,y))
= 3x. (p(x) AVy. ~q(x,y))
Reduce the scope of quantifiers:
Vx,y. (p(x) = q(x,y)) =Vx,y. (=p(x) V q(x,y))
=Vx. (=p(x) VVy. q(x.y))
=Vx. (p(x) = Vy. g(x,y))
Replace quantification in a finite domain {0, 1, 2}:

Yx. p(x) = p(0) A p(1) A p(2)
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A formula F is in prenex normal form (PNF) if it is of the following form:

lel- e -ann- M
Quantifiers Q1,...,0n,.
Formula M (the matrix) without quantifiers.
Example:

Vx. 3dy. Yz. P(x) A P(y) = P(z)

We can compute PNF by applying logical equivalences:
Perform the simplifications of propositional logic.
Remove quantifiers whose variable does not occur freely in body.
Compute negation normal form (“push down negations”).
Pull out quantifiers (renaming bound variables if necessary).

The steps can be best described by actual code.
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We have Qx. F = Fifx ¢ fu(F).

let simplifyl fm =
match fm with
Forall(x,p) -> if mem x (fv p) then fm else p
| Exists(x,p) -> if mem x (fv p) then fm else p
| _ -> psimplifyl fm;;

let rec simplify fm =

match fm with

Not p -> simplifyl (Not(simplify p))

| And(p,q) -> simplifyl (And(simplify p,simplify q))

[
| Forall(x,p) -> simplifyl(Forall(x,simplify p))
| Exists(x,p) -> simplifyl(Exists(x,simplify p))
| _ -> fm;;

# simplify <<(forall x y. P(x) \/ (P(y) /\ false)) ==> exists z. Q>>;;

- : fol formula = <<(forall x. P(x)) ==> Q>>
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We have —Vx. F = 3x. =F and =3x. F = Vx. —-F.

let rec nnf fm =
match fm with
And(p,q) -> And(unf p,nnf q) | Or(p,q) -> Or(anf p,nnf q)
Imp(p,q) -> Or(anf(Not p),nnf q)
Iff(p,q) -> Or(And(nnf p,nnf q),And(unf(Not p),nnf(Not q)))
Not (Not p) -> nnf p
Not (And(p,q)) -> Or(nnf(Not p),nnf(Not q)) | Not(Or(p,q)) -> And(nnf(Not p),nnf(Not q))
Not (Imp(p,q)) -> And(anf p,nnf(Not q))
Not(Iff(p,q)) -> Or(And(nnf p,nnf(Not q)),And(nnf(Not p),nnf q))
Forall(x,p) -> Forall(x,nnf p) | Exists(x,p) -> Exists(x,nnf p)
Not (Forall(x,p)) -> Exists(x,nnf(Not p)) | Not(Exists(x,p)) -> Forall(x,nnf(Not p))
_ => fm;;

# nnf <<(forall x. P(x)) ==> ((exists y. Q(y)) <=> exists z. P(z) /\ Q(z))>>;;
- : fol formula =
<<(exists x. "P(x)) \/ (exists y. Q(y)) /\ (exists z. P(z) /\ Q(2)) \/

(forall y. ~Q(y)) /\ (forall z. “P(z) \/ ~Q(=2))>> 30/35



We have (for instance) Fy Vv (Vx. Fo) = Vx. (F1 V Fy) if x & fu(Fy).

let
m

Thus Fy v (Vx. Fo) =Vy. (F1 V Faly/x]) if y ¢ fu(Fy) U fu(F3).

rec pullquants fm =
atch fm with
And (Forall(x,p),Forall(y,q)) -> pullq(true,true) fm mk_forall mk_and x y p q
Or (Exists(x,p) ,Exists(y,q)) -> pullq(true,true) fm mk_exists mk_or x y p q
And(Forall(x,p),q) -> pullq(true,false) fm mk_forall mk_and x x p q
And(p,Forall(y,q)) -> pullq(false,true) fm mk_forall mk_and y y p q
Or (Forall(x,p),q) -> pullg(true,false) fm mk_forall mk_or x X p q
Or(p,Forall(y,q)) -> pullq(false,true) fm mk_forall mk_or y y p q
And (Exists(x,p),q) -> pullq(true,false) fm mk_exists mk_and x x p q
And(p,Exists(y,q)) -> pullq(false,true) fm mk_exists mk_and y y p q
Or (Exists(x,p),q) -> pullq(true,false) fm mk_exists mk_or x x p q
Or(p,Exists(y,q)) -> pullq(false,true) fm mk_exists mk_or y y p q

-> fm
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and pullq(l,r) fm quant op x y p q =

let z = variant x (fv fm) in

let p’ = if 1 then subst (x |=> Var z) p else p
and q’ = if r then subst (y |=> Var z) q else q in
quant z (pullquants(op p’ q’));;

let rec prenex fm =

match fm with
Forall(x,p) -> Forall(x,prenex p)
| Exists(x,p) -> Exists(x,prenex p)
| And(p,q) -> pullquants(And(prenex p,prenex q))
| Or(p,q) -> pullquants(Or(prenex p,prenex q))
| _ -> fm;;

let pnf fm = prenex(nnf (simplify fm));;

# pnf <<(forall x. P(x) \/ R(y)) ==> exists y z. Q(y) \/ “(exists z. P(2) /\ Q(z))>>;;
: fol formula = <<exists x. forall z. "P(x) /\ "R(y) \/ Q(x) \/ "P(z2) \/ "Q(z)>>
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(Vx. P(x) VR(y)) = (3y,z. Q(y) V~(3z.P(2) A Q(2)))
= =(¥x. P(x) VR(y)) V 3y, 2. Q(y) V =(Fz. P(2) A Q(2)))
= (3x. ~(P(x) VR(y))) V (Ty,z. Q(y) V (Vz. =(P(2) A Q(2))))
= (3x. =P(x) A=R(y)) V (Fy,z. Q(y) V (Yz. =P(2) V ~0Q(2)))
= (3x. =P(x) A=R(y)) vV (3y. Q(y) V (Vz. =P(2) V =0(2)))
= (3x. =P(x) A=R(y)) vV (Fy. Vz. Q(y) V =P(2) V =Q(2))
= (Ix. =P(x) A=R(y)) V (Ix. Vz. Q(x) V =P(2) V =0Q(z))
= 3x. (=P(x) A=R(y)) V (Vz. Q(x) V =P(2) V =0(2))
= dx. Vz. (=P(x) A=R(y)) V (Q(x) V =P (z) V =0(z))
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A formula is in Skolem normal form (SNF) if it is in prenex normal form and only
contains universal quantifiers.

But how to remove the existential quantifiers?
Theorem (Skolemization): Let F be a formula with free variables x1, ..., x,, y.
Let f be an n-ary function symbol that does not occur in F. Then

Vx1,...,Xx,. dy. F is satisfiable if and only if Vx1,...,x,. F[f(x1,...,x,)/y] is.
Skolem function f (n = 0: Skolem constant ¢), substitution F[7/x] of ¢ for x in F.

Proof sketch: First, let (D, I) and v satisfy Vx1,...,x,. 3y. F. Thenforall dy, ..., d, € D there
exists d € D suchthat v(x; — d1, ..., x, — d,,y — d] satisfies F. Thus there exists
fp(di,...,dy): D" — D suchthatforall di,...,d, € D structure (D, I') and valuation

vixi—dy, ..., xp o dp,y fp(di,...,dy)] satisfy F. Thus Vxi, ..., x,. F[f(Xx1,...,xn)/y]
is satisfied by structure (D, I’) and valuation v where I’ is identical to I except that I’ (f) = fp.
Second, let (D, I) and v satisfy Vx1,...,xn. F[f(x1,...,xn)/y]. Then, foralld;,...,d, € D,
(D,I)and v[x1 > di,...,xnp— dn,y > I(f)(d1,...,d,)] satisfy F. Thus (D, I) and v satisfy
VX1,...,Xp. Ay. F.

We can construct an equisatisfiable formula without existential quantifiers.
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let rec skolem fm fns =
match fm with
Exists(y,p) -> let xs = fv(fm) in
let f = variant (if xs = [] then "c_""y else "f_""y) fns in
let fx = Fn(f,map (fun x -> Var x) xs) in
skolem (subst (y |=> fx) p) (f::fns)
| Forall(x,p) -> let p’,fns’ = skolem p fns in Forall(x,p’),fns’
| And(p,q) -> skolem2 (fun (p,q) -> And(p,q)) (p,q) fns
| Or(p,q) -> skolem2 (fun (p,q) -> Or(p,q)) (p,q) fns
| _ -> fm,fns
and skolem2 cons (p,q) fns =
let p’,fns’ = skolem p fns in let q’,fns’’ = skolem q fns’ in
cons(p’,q’),fns’’;;
let askolemize fm = fst(skolem (nnf(simplify fm)) (map fst (functions fm)));;
let rec specialize fm = match fm with Forall(x,p) -> specialize p | _ -> fm;;

let skolemize fm = specialize(pnf(askolemize fm));;

# pnf (askolemize <<forall x. P(x) ==> (exists y z. Q(x,y,2)) /\ (exists y z. R(y,2z)) >>);;
- : fol formula = <<forall x. "P(x) \/ Q(x,f_y(x),f_z(x)) /\ R(c_y,c_z)>> 35/35



