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Motivation

Weighted tree transducers are currently used in practical applications
in Computational Linguistics

Question: How can we specify the weighted tree transformation
computed by a weighted tree transducer?

Usual method in other frameworks: Associate a system of equations
to the model, and compute the behavior of the model by solving the
system

Examples: Finite automata, context free grammars, tree automata, ...
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Trees

ranked alphabet: (Σ, rk) (simply Σ), rk : Σ ! N

Σk = fσ 2 Σ j rk(σ) = kg, k � 0
X = fx1, x2, . . .g: a countably in�nite set of variables,
Xn = fx1, . . . , xng (n � 0), X0 = ∅
TΣ(Xn): the set of all trees over Σ indexed with variables from Xn,
de�ned as the least set T such that:

Σ0 [ Xn � T
σ 2 Σk , k > 0, t1, . . . , tk 2 T =) σ(t1, . . . , tk ) 2 T

Σ, ∆, Γ: ranked alphabets
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Trees

s 2 TΣ(Xn), xi 2 Xn, js jxi : the number of occurrences of xi in s

s is linear if js jxi � 1, 81 � i � n
s is nondeleting if js jxi � 1, 81 � i � n

set of variables in s: var(s) =
�
fsg if s 2 XnSk
i=1 var(ti ) if s = σ(t1, . . . , tk )

L � TΣ(Xn): tree language
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Substitutions

s 2 TΣ(Xn), s1, . . . , sn 2 TΣ(Xn)

s [s1/x1, . . . , sn/xn ] (simply s [s1, . . . , sn ]): by substituting
simultaneously si for every occurrence of xi in s
formally:

for s = xi , s [s1, . . . , sn ] = si
for s = c 2 Σ0, s [s1, . . . , sn ] = c
for s = σ (t1, . . . , tk ), k > 0, σ 2 Σk ,
s [s1, . . . , sn ] = σ (t1 [s1, . . . , sn ], . . . , tk [s1, . . . , sn ])

s 2 TΣ(Xn), L1, . . . , Ln � TΣ
IO-substitution of Li at xi (1 � i � n) in s:
s [L1, . . . , Ln ]IO = fs [s1, . . . , sn ] j si 2 Li , 1 � i � ng
Example: σ 2 Σ2, σ(x1, x1)[L1,∅]IO = ∅ even if L1 6= ∅
[IO]-substitution of Li at xi (1 � i � n) in s:
s [L1, . . . , Ln ][IO ] = fs [s1, . . . , sn ] j si 2 Li if js jxi > 0

and si =arbitrary tree in TΣ otherwise, 1 � i � ng
Example: σ 2 Σ2, σ(x1, x1)[L1,∅][IO ] = fσ(t, t) j t 2 L1g
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Substitutions

js jxi = λi (81 � i � n), s(i ) =
�
s(i )1 , . . . , s(i )λi

�
2 TΣ

λi

s
h
s(1)/x1, . . . , s(n)/xn

i
(simply s

h
s(1), . . . , s(n)

i
) (by substituting

simultaneously
�
s(i )1 , . . . , s(i )λi

�
for the occurrences of xi in s from left

to right)

OI-substitution of Li at xi (1 � i � n) in s:
s [L1, . . . , Ln ]OI = fs

h
s(1), . . . , s(n)

i
j s(i ) 2 Lλi

i , 1 � i � ng
s linear =) s [L1, . . . , Ln ][IO ] = s [L1, . . . , Ln ]OI
L � TΣ(Xn), L1, . . . , Ln � TΣ, u=[IO], OI

L[L1, . . . , Ln ]u =
S
s2L s [L1, . . . , Ln ]u
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Tree homomorphisms

Ξ = fξ1, ξ2, . . .g another set of variables, disjoint from any ranked
alphabet and X

Ξn = fξ1, . . . , ξng 8n � 0
a tree homomorphism from Σ to ∆: (hk )k�0 , hk : Σk ! T∆ (Ξk )
linear (for short l) if 8k � 1, σ 2 Σk the tree hk (σ) is linear in Ξk
nondeleting (or complete) (for short c) if 8k � 1, σ 2 Σk the tree
hk (σ) is nondeleting in Ξk
relabeling if 8k � 0, σ 2 Σk we have hk (σ) = δ(ξ1, . . . , ξk ) for some
δ 2 ∆k
(hk )k�0 induces a mapping h : TΣ (Xn)! T∆ (Xn) inductively:
t 2 TΣ (Xn)

h(t) = t if t 2 Xn
h(t) = hk (σ)[h (t1) /ξ1, . . . , h (tk ) /ξk ] if t = σ (t1, . . . , tk )
with k � 0, σ 2 Σk , t1, . . . , tk 2 TΣ (Xn)
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Tree homomorphisms

H: the class of all tree homomorphisms and,

for any combination w of l and c we denote by w -H the class of
w -tree homomorphisms

REL: the class of all relabelings
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Pairs of trees

(s, t) 2 TΣ (Xn)� T∆ (Xn) , R1, . . . ,Rn � TΣ � T∆

[IO]-substitution of Ri at xi (1 � i � n) in (s, t):
(s, t) [R1, , . . . ,Rn ][IO ] = f(s [s1, . . . , sn ] , t [t1, . . . , tn ]) j (si , ti ) 2 Ri
if js jxi > 0 or jtjxi > 0 and (si , ti ) =arbitrary pair in TΣ � T∆
otherwise, 1 � i � ng
js jxi = λi , jtjxi = µi , mi = maxfλi , µig 81 � i � n,
r(i ) =

��
s(i )1 , t

(i )
1

�
, . . . ,

�
s(i )mi , t

(i )
mi

��
2 (TΣ � T∆)

mi

s(i ) =
�
s(i )1 , . . . , s(i )λi

�
, t(i ) =

�
t(i )1 , . . . , t(i )µi

�
81 � i � n

substitution of r(i ) at xi (1 � i � n) in (s, t):
(s, t)

h
r(1), . . . , r(n)

i
=
�
s
h
s(1), . . . , s(n)

i
, t
h
t(1), . . . , t(n)

i�
OI-substitution of Ri at xi in (s, t):
(s, t) [R1, . . . ,Rn ]OI =n

(s, t)
h
r(1), . . . , r(n)

i
j r(i ) 2 Rmii , 1 � i � n

o
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Tree transformations

Example

σ 2 Σ3, δ 2 ∆2, (s, t) = (σ(x1, x1, x3), δ(x3, x1)),
R1 = f(s1, t1), (s 01, t 01)g, R2 = ∅, R3 = f(s3, t3)g
(s, t) [R1,R2,R3][IO ] = f(σ(s1, s1, s3), δ(t3, t1)), (σ(s 01, s 01, s3), δ(t3, t 01))g

(s, t) [R1,R2,R3]OI = f(σ(s1, s1, s3), δ(t3, t1)), (σ(s1, s 01, s3), δ(t3, t1)),
(σ(s 01, s

0
1, s3), δ(t3, t

0
1)), (σ(s

0
1, s1, s3), δ(t3, t

0
1))g
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Tree transformations

R � TΣ (Xn)� T∆ (Xn) , R1, . . . ,Rn � TΣ � T∆, u = [IO ],OI

R [R1, . . . ,Rn ]u =
S
(s ,t)2R (s, t) [R1, . . . ,Rn ]u

R � TΣ (Xn)� T∆ (Xn): linear if for every (s, t) 2 R, s and t are
linear trees

R � TΣ (Xn)� T∆ (Xn) linear
=) R [R1, . . . ,Rn ][IO ] = R [R1, . . . ,Rn ]OI
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Semirings

(K ,+, �, 0, 1): semiring (simply by K )

K : ordered if (K ,�) is a poset and

k1 � k2 ) k1 + k � k2 + k,
k � 0, k1 � k2 =)(k � k1 � k � k2 and k1 � k � k2 � k)

ordered K : positively ordered if 0 � k, 8k 2 K
K : naturally ordered if the relation
k1 � k2 () 9k 2 K such that k2 = k1 + k
is a partial order
naturally ordered =) positively ordered
positively ordered semiring K : continuous if it is ω-complete and

k + supfki j i � 0g = supfk + ki j i � 0g,
k � supfki j i � 0g = supfk � ki j i � 0g,
supfki j i � 0g � k = supfki � k j i � 0g
for every ω-chain k0 � k1 � . . . in K and k 2 K

K : continuous naturally ordered commutative semiring
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K-semimodules

commutative monoid (M,+, 0): (left) K -semimodule if there is a
mapping � : K �M ! M such that

k � (m1 +m2) = k �m1 + k �m2,
(k1 + k2) �m = k1 �m+ k2 �m,
k1 � (k2 �m) = (k1 � k2) �m,
1 �m = m, and
0 �m = 0 = k � 0
for every k, k1, k2 2 K ,m,m1,m2 2 M

K -semimodule (M,+, 0): continuous if (M,+, 0) is continuous
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Algebras

K -Σ-algebra:
A = (A,+, 0,ΣA)

where (A,+, 0) is a K -semimodule, and ΣA = (σA j σ 2 Σ) a family
of multilinear operations on A such that 8n � 0, σ 2 Σn, we have
σA : An ! A satisfying
σA (a1, . . . , k � ai + k 0 � a0i , . . . , an) =
k � σA (a1, . . . , ai , . . . , an) + k 0 � σA (a1, . . . , a0i , . . . , an)
8k, k 0 2 K , a1, . . . , ai , a0i , . . . , an 2 A, 1 � i � n

A = (A,+, 0,ΣA): continuous if the K -semimodule (A,+, 0) is
continuous
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Tree series

ϕ : TΣ (Xn)! K tree series over (Σ,K )

t 2 TΣ (Xn), we write (ϕ, t) (for ϕ(t)) the coe¢ cient of ϕ at t

formal sum: ϕ = ∑t2TΣ(Xn)(ϕ, t) � t
supp(ϕ) = ft 2 TΣ (Xn) j (ϕ, t) 6= 0g the support of ϕ

ϕ: polynomial if supp(ϕ) is �nite

ϕ: linear if t is linear 8t 2supp(ϕ)
K hhTΣ (Xn)ii: the class of all tree series over (Σ,K )
K hTΣ (Xn)i: the class of all polynomials over (Σ,K )
ϕ, ϕ1, ϕ2 2 K hhTΣ (Xn)ii, k 2 K , then ϕ1 + ϕ2, kϕ 2 K hhTΣ (Xn)ii
by:
(ϕ1 + ϕ2, s) = (ϕ1, s) + (ϕ2, s) and (kϕ, s) = k(ϕ, s) 8s 2 TΣ (Xn)

ϕ1 � ϕ2 () (ϕ1, s) � (ϕ2, s) 8s 2 TΣ (Xn)
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Tree series

(K hhTΣ (Xn)ii,+, 0̃,Σ): is a continuous K -Σ-algebra with
σA (ϕ1, . . . , ϕk ) = ∑

s1,...,sk2TΣ(Xn)
(ϕ1, s1) � . . . � (ϕk , sk ) .σ (s1, . . . , sk )

for k � 1, σ 2 Σk , ϕ1, . . . , ϕk 2 K hhTΣ (Xn)ii

if ϕ0 � ϕ1 � . . . is an ω-chain in K hhTΣ (Xn)ii, then

ϕk = ∑
0�i�k

ρi ,

where ρi 2 K hhTΣ (Xn)ii, (i � 0), and thus

sup
k�0

(ϕk ) = ∑
i�0

ρi .
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Tree series: substitutions

s 2 TΣ (Xn) with var(s) = fxi1 , . . . , xik g and
ϕ1, . . . , ϕn 2 K hhTΣ(Xn)ii

[IO]-substitution of ϕ1, . . . , ϕn in s:
s [ϕ1, . . . , ϕn ][IO ] =

∑
s1,...,sn2TΣ(Xn)

�
ϕi1 , si1

�
� . . . �

�
ϕik , sik

�
.s [s1, . . . , sn ]

js jxi = λi 81 � i � n
OI-substitution of ϕ1, . . . , ϕn in s:
s [ϕ1, . . . , ϕn ]OI =

∑
s(i )2(TΣ(Xn))

λi

1�i�n

�
ϕ1, s

(1)
�
� . . . �

�
ϕn, s

(n)
�
.s [s(1), . . . , s(n)]

where s(i ) =
�
s(i )1 , . . . , s(i )λi

�
2 TΣ(Xn)λi ,�

ϕi , s
(i )
�
=
�

ϕi , s
(i )
1

�
� . . . �

�
ϕi , s

(i )
λi

�
, and�

ϕi , s
(i )
�
= 1 if s(i ) = () 81 � i � n
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Tree series: substitutions

If s is linear, then s [ϕ1, . . . , ϕn ][IO ] = s [ϕ1, . . . , ϕn ]OI

for ϕ 2 K hhTΣ(Xn)ii, the u-substitution of ϕ1, . . . , ϕn in ϕ (u=[IO],
OI) is

ϕ [ϕ1, . . . , ϕn ]u = ∑
s2TΣ(Xn)

(ϕ, s).s [ϕ1, . . . , ϕn ]u

if ϕ 2 K hhTΣ(Xn)ii is linear, then
ϕ [ϕ1, . . . , ϕn ][IO ] = ϕ [ϕ1, . . . , ϕn ]OI (u=[IO],OI)
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Weighted tree transformations: de�nition

A weighted tree transformation over (Σ,∆,K )

τ : TΣ (Xn)� T∆ (Xn)! K

τ: linear if supp(τ) is a linear tree transformation

τ: variable identical if for every (s, t) 2supp(τ), var(s) = var(t)
K hhTΣ (Xn)� T∆ (Xn)ii: the class of all weighted tree
transformations over (Σ,∆,K )
K hTΣ (Xn)� T∆ (Xn)i: the class of all polynomials over (Σ,∆,K )
sum, scalar product, partial order on K hhTΣ (Xn)� T∆ (Xn)ii
elementwise

(K hhTΣ (Xn)� T∆ (Xn)ii,+,e0): continuous naturally ordered
K -semimodule
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Weighted tree transformations: substitutions

(s, t) 2 TΣ (Xn)� T∆ (Xn), var(s) [ var(t) = fxi1 , . . . , xik g,
τ1, . . . , τn 2 K hhTΣ � T∆ii

[IO]-substitution of τ1, . . . , τn in (s, t):
(s, t) [τ1, . . . , τn ][IO ] = ∑

(si ,ti )2TΣ�T∆
1�i�n

(τi1 , (si1 , ti1)) � . . . �

(τik , (sik , tik )) . (s [s1, . . . , sn ], t[t1, . . . , tn ])
js jxi = λi , jtjxi = µi , mi = maxfλi , µig 81 � i � n
OI-substitution of τ1, . . . , τn in (s, t):
(s, t) [τ1, . . . , τn ]OI =

∑
r(i )2(TΣ�T∆)

mi

1�i�n

�
τ1, r(1)

�
� . . . �

�
τn, r(n)

�
.(s, t)[r(1), . . . , r(n)]

where r(i ) =
��
s(i )1 , t

(i )
1

�
, . . . ,

�
s(i )mi , t

(i )
mi

��
,�

τi , r(i )
�
=
�

τi ,
�
s(i )1 , t

(i )
1

��
� . . . �

�
τi ,
�
s(i )mi , t

(i )
mi

��
, and�

τi , r(i )
�
= 1 if r(i ) = () 81 � i � n
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Weighted tree transformations: substitutions

τ 2 K hhTΣ (Xn)� T∆ (Xn)ii, u=[IO], OI:

τ [τ1, . . . , τn ]u = ∑
(s ,t)2TΣ(Xn)�T∆(Xn)

(τ, (s, t)).(s, t) [τ1, . . . , τn ]u .
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Weighted tree transformations: substitutions
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Weighted tree transformations: systems of equations

De�nition
A system of equations of weighted tree transformations over (Σ,∆,K ) is a
system

(E) xi = ρi , 1 � i � n,
ρ1, . . . , ρn 2 K hTΣ (Xn)� T∆ (Xn)i polynomials.

(E) : variabe identical if ρi is variable identical 81 � i � n
(τ1, . . . , τn) 2 (K hhTΣ � T∆ii)n u-solution of (E) if
τi = ρi [τ1, . . . , τn ]u 81 � i � n
(τ1, . . . , τn) 2 (K hhTΣ � T∆ii)n least u-solution of (E) if τi � τ0i
(1 � i � n) for every other u-solution (τ01, . . . , τ0n) of (E)
Existence of the least u-solution of (E): (K hhTΣ � T∆ii)n is
ω-complete and FE ,u : (K hhTΣ � T∆ii)n ! (K hhTΣ � T∆ii)n
(ϕ1, . . . , ϕn) 7�! (ρ1[ϕ1, . . . , ϕn ]u , . . . , ρn [ϕ1, . . . , ϕn ]u) is
ω-continuous
Tarski: "least �xpoint of FE ,u exists"
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Weighted tree transformations: systems of equations

fixFE ,u = supk�0 ((τ1,k , . . . , τn,k ))

τi ,0 = 0̃, for 1 � i � n, and
τi ,k+1 = ρi [τ1,k , . . . , τn,k ]u , for 1 � i � n and k � 0
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Equational weighted tree transformations

De�nition
τ 2 K hhTΣ � T∆ii u-equational (u=[IO], OI) if it is a component of the
least u-solution of a system of equations of weighted tree transformations
over (Σ,∆,K ).

EQUT[IO ] the class of all [IO ]-equational weighted tree
transformations

EQUTOI the class of all OI -equational weighted tree transformations

vi-EQUT[IO ] the class of all weighted tree transformations obtained as
components of the least [IO ]-solutions of variable identical systems of
equations of weighted tree transformations over (Σ,∆,K )

vi-EQUTOI the class of all weighted tree transformations obtained as
components of the least OI -solutions of variable identical systems of
equations of weighted tree transformations over (Σ,∆,K )
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Weighted bimorphisms

h : TΓ(Xn)! TΣ(Xn) tree homomorphism

h can be linearly exteneded to a mapping
h : K hhTΓ(Xn)ii ! K hhTΣ(Xn)ii as follows:

h(ϕ) = ∑
u2TΓ(Xn)

(ϕ, u).h(u)

for every ϕ 2 K hhTΓ(Xn)ii
h0 : TΓ(Xn)! T∆(Xn) another tree homomorphism, and

ϕ 2 K hhTΓ(Xn)ii
h, h0, and ϕ de�ne a weighted tree transformation over (Σ,∆,K ) by:


h, h0
�
(ϕ) = ∑

u2TΓ(Xn)

(ϕ, u).(h(u), h0(u))
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Weighted bimorphisms

A weighted bimorphism over (Γ,Σ,∆,K ):

(h, ϕ, h0)

where ϕ 2 K hhTΓii is a recognizable tree series,
h : TΓ(Xn)! TΣ(Xn) is the input tree homomorphism, and
h0 : TΓ(Xn)! T∆(Xn) is the output tree homomorphism

hh, h0i (ϕ): the weighted tree transformation computed by (h, ϕ, h0)
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Weighted bimorphisms

B(H,H): the class of all weighted tree transformations computed by
weighted bimorphisms

B(c-H, c-H): the class of all weighted tree transformations computed
by weighted bimorphisms with nondeleting input and nondeleting
output tree homomorphism

B(lc-H, lc-H): the class of all weighted tree transformations
computed by weighted bimorphisms with linear nondeleting input and
linear nondeleting output tree homomorphism

B(uc(H,H)): the class of all weighted tree transformations computed
by weighted bimorphisms whose input and output homomorphism
constitute an ultimately nondeleting pair of tree homomorphisms, i.e.,
if h : TΓ(Xn)! TΣ(Xn) and h0 : TΓ(Xn)! T∆(Xn), then
var(hk (γ)) [ var(h0k (γ)) = fξ1, . . . , ξkg for every γ 2 Γk , k � 0
B(uc(l-H, l-H))
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Equational weighted tree transformations: results

Theorem
EQUT[IO ] = B(uc(H,H))

EQUTOI = B(uc(l -H, l -H))

vi-EQUT[IO ] = B(c-H, c-H)

vi-EQUTOI = B(lc-H, lc-H)

hc-H, c-Hi (vi-EQUTOI ) = vi-EQUT[IO ]
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Rule-like equational weighted tree transformations

De�nition
A system

(E) xi = ρi , 1 � i � n,
of equations of weighted tree transformations is called rule-like if each pair
(s, t) 2 supp(ρi ) (1 � i � n) has the form (σ(xi1 , . . . , xik ), t), where
k � 0, σ 2 Σk , σ(xi1 , . . . , xik ) is linear, and t 2 T∆(fxi1 , . . . , xik g) or the
form (xj , xj ).
rl-vi-EQUTu : the class of all weighted tree transformations obtained as
components of the least u-solutions of rule-like variable identical systems
of equations of weighted tree transformations
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Equational weighted tree transformations: results

Theorem
rl -vi -EQUT[IO ] = B(REL, c-H)

rl -vi -EQUTOI = B(REL, lc-H)
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Equational weighted tree transformations: results

Corollary
rl -vi -EQUTOI = ln-BOT

vi-EQUTOI = ln-XTOP = ln-XTOPR = ln-XBOT
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Mezei-Wright result
Algebras

A = (A,+, 0,ΣA): K -Σ-algebra

s 2 TΣ(Xn), and a1, . . . , an 2 A
IO-evaluation of s at (a1, . . . , an) in A is denoted by
s [a1/x1, . . . , an/xn ]A (simply s [a1, . . . , an ]A), de�ned inductively:

if s = xi , then s [a1, . . . , an ]A = ai
if s = σ (s1, . . . , sk ) k � 0, σ 2 Σk and s1, . . . , sk 2 TΣ(Xn), then
s [a1, . . . , an ]A = σA (s1 [a1, . . . , an ]A, . . . , sk [a1, . . . , an ]A)
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Mezei-Wright result
Algebras

js jxi = λi , a(i ) =
�
a(i )1 , . . . , a(i )λi

�
2 Aλi 81 � i � n

OI-evaluation of s at (a(1), . . . , a(n)) in A is denoted by

s
h
a(1)/x1, . . . , a(n)/xn

i
A
(simply by s

h
a(1), . . . , a(n)

i
A
) de�ned

inductively:

if s = xi , then s
h
a(1), . . . , a(n)

i
A
= a(i )1

if s = σ(s1, . . . , sk ) k � 0 and s1, . . . , sk 2 TΣ(Xn), then let
js1 jxi = λ1,i , . . . , jsk jxi = λk ,i and let a(1,i ), . . . , a(k ,i ) be the unique
decomposition of the vector a(i ) into components of dimensional
λ1,i , . . . ,λk ,i , respectively, 81 � i � n, (λi = λ1,i + . . .+ λk ,i )

s
h
a(1), . . . , a(n)

i
A
=

σA
�
s1
h
a(1,1), . . . , a(1,n)

i
A
, . . . , sk

h
a(k ,1), . . . , a(k ,n)

i
A

�
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Mezei-Wright result
Algebras

K -Σ-algebras: A = (A,+, 0,ΣA), B = (B,+, 0,ΣB)

H : A! B : morphism from A to B if

H(a+ a0) = H(a) +H(a0),
H(k � a) = k �H(a)
for every a, a0 2 A and k 2 K , and
H
�
σA(a1, . . . , ak )

�
= σB (H(a1), . . . ,H(ak ))

for every k � 0, σ 2 Σk , and a1, . . . , ak 2 A

there is a unique morphism HA : K hhTΣii ! K hhAii given by

HA(ϕ) = ∑s2TΣ
(ϕ, s).HA(s)
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Mezei-Wright result
Algebras

A = (A,+, 0,ΣA) K -Σ-algebra

B = (B,+, 0,∆B) K -∆-algebra
(s, t) 2 TΣ (Xn)� T∆ (Xn) ,
js jxi = λi , jtjxi = µi , mi = maxfλi , µig 81 � i � n
v(i ) 2 (A� B)mi 81 � i � n
OI-evaluation of (s, t) at (v(1), . . . , v(n)) in (A,B):
(s, t)

h
v(1), . . . , v(n)

i
(A,B)

=�
s
h
a(1), . . . , a(n)

i
A
, t
h
b(1), . . . ,b(n)

i
B

�
v(i ) =

��
a(i )1 , b

(i )
1

�
, . . . ,

�
a(i )mi , b

(i )
mi

��
,

a(i ) =
�
a(i )1 , . . . , a(i )λi

�
, b(i ) =

�
b(i )1 , . . . , b(i )µi

�
81 � i � n
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τ 2 K hhTΣ (Xn)� T∆ (Xn)ii and u=[IO], OI:
τ [θ1, . . . , θn ]u = ∑

(s ,t)2TΣ(Xn)�T∆(Xn)
(τ, (s, t)).(s, t) [θ1, . . . , θn ]u
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Mezei-Wright result
Systems of equations

A system of equations of weighted tree transformations over (Σ,∆,K )

(E) xi = ρi , 1 � i � n

(θ1, . . . , θn) 2 (K hhA� Bii)n u-solution of (E) in (A,B,K ) if
θi = ρi [θ1, . . . , θn ]u 81 � i � n

(θ1, . . . , θn) 2 (K hhA� Bii)n least u-solution of (E) in (A,B,K ) if
θi � θ0i (1 � i � n) for every other u-solution (θ01, . . . , θ0n) of (E) in
(A,B,K )
Existence of the least u-solution of (E) in (A,B,K ): as in tree
transformations case

θ 2 K hhA� Bii u-equational if it a component of the least u-solution
in (A,B,K ) of a system of equations of weighted tree
transformations
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Mezei-Wright result

Theorem (Mezei-Wright)

A weighted transformation θ 2 K hhA� Bii is u-equational i¤ there exists
a u-equational weighted tree transformation τ 2 K hhTΣ � T∆ii such that
H(A,B)(τ) = θ, where H(A,B)(τ) = ∑

(s ,t)2TΣ�T∆

(τ, (s, t)). (HA(s),HB(t)).
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