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Problem 31. For a Turing machine M let P (M) be the following property: If
M runs at least 1000 steps on a word w, then w ∈ L(M). Note that there is
no statement about acceptance or non-acceptance if the machine runs less than
1000 steps.
In the following let M be a Turing machine that has the property P (M).

1. Is there a Turing machine E with P (E) such that ε ∈ L(E).

2. Is there a Turing machine E with P (E) such that ε /∈ L(E).

3. Is the property of L(M) to contain the empty word, decidable?

4. Is L(M) recursively enumerable?

5. Is the complement L(M) recursively enumerable?

6. Is L(M) recursive?

7. Is L(M) necessarily �nite?

8. Is L(M) necessarily in�nite?

Justify your answers.

Problem 32. Which of the following problems are decidable? In each problem
below, the input of the problem is the code 〈M〉 of a Turing machine M with
input alphabet {0, 1}.

(a) Does M have at least 4 states?

(b) Is L(M) ⊆ {0, 1}∗?

(c) Is L(M) recursive?

(d) Is L(M) �nite?

(e) Is 10101 ∈ L(M)?

(f) Is L(M) not recursively enumerable?

(g) Does there exist a word w ∈ L(M) such that M does not halt on w?

Justify your answer.

Problem 33. LetM0,M1,M2, . . . be a list of all Turing machines with alphabet
Σ = {0, 1} such that the function i 7→ 〈Mi〉 is computable. Let wi := 10i10i1
for all natural numbers i. Let A := {wi | i ∈ N ∧ wi ∈ L(Mi)} and A = Σ∗ \A.

(a) Is A recursively enumerable? (Justify your answer.)
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(b) Suppose there is an oracle XDelphi that decides the Halting problem, i. e.,
you can give to XDelphi the code 〈M〉 of a a Turing machine M and a word
w and XDelphi returns 1 (YES) or 0 (NO) depending on whether or not M
halts on w.

Show that one can construct an Oracle-Turing machine T (which is allowed
by a special extension to give some word 〈M〉 (a Turing machine code) and
a word w to XDelphi and gets back 1 or 0 depending on whether or not M
halts on w) such that L(T ) = A.

(c) Does it follow from (a) and (b) that XDelphi is not a Turing machine? Justify
your answer. Note that you are not allowed to use the fact that the Halting
problem is undecidable, but you must give a proof that only follows from
(a) and (b).

Problem 34. Show that the Acceptance Problem is reducible to the restricted
Halting problem. First explain clearly which Turing machine you have to con-
struct to prove this statement and then give a reasonably detailed description
of this construction.

Problem 35. Let a language L = L(T ) ⊆ {0, 1}∗ be given by the code of a
Turing machine 〈T 〉. It is known that ε ∈ L.
Let S0 be the set of Turing machines of the form (Q, {0, 1, X,t} ,t, {0, 1} , δ, q0, ∅).
Let S1 be the set of Turing machines of the form (Q, {0, 1, X,t} ,t, {0, 1} , δ, q0, Q).
Is it decidable whether L = L(M) and M ∈ S0? That is: Is there a Turing
machine D0 such that it takes a word w as input and returns �yes� if w = 〈M〉
for a TM M ∈ S0 with the property L(M) = L, and returns �no� otherwise?
What is the answer, if you replace S0 by S1? Justify your answers.
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