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Polynomials Polynomials

A monomial (term) is a product of powers of variables with
nonnegative integer exponents multiplied by a constant.

−7x7 or
x4

3

3x3y2z5 or
x21x

3
2x3

π − 3ı
A polynomial is a sum of some monomials.

Univariate polynomial: −7x7 + x3

2 −
11x2

3 + 4x+ 2

Implementation: How to represent a polynomial?

List of coefficients:
(2, 4,− 11

3 ,
1
2 , 0, 0, 0,−7)

Sorted map that maps exponents to coefficients:
{7 7→ −7, 3 7→ 1

2 , 2 7→ −
11
3 , 1 7→ 4, 0 7→ 2}
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Multivariate Polynomials Polynomials

Multivariate polynomial: −7x7y2z3 + x3y3z
2 − 11x3

3 + 4xz9 + 2
3D matrix of coefficients is a bad idea to represent it.

There are different kinds of monomial orders.
Sorted map that maps exponent vectors to coefficients:
Lexicographic order:

(7, 2, 3) 7→ −7, (3, 3, 1) 7→ 1
2 , (3, 0, 0) 7→ − 11

3
(1, 0, 9) 7→ 4, (0, 0, 0) 7→ 2

Sorted map that maps total degree + exponent vector to coefficient:
Graded lexicographic order:

(12, 7, 2, 3) 7→ −7, (10, 1, 0, 9) 7→ 4, (7, 3, 3, 1) 7→ 1
2 ,

( 3, 3, 0, 0) 7→ − 11
3 , ( 0, 0, 0, 0) 7→ 2

Sorted map that maps total degree + exponent vector to coefficient:
Graded reverse lexicographic order:

Compare total degree first.
Compare exponents of z and the monomial with the smaller one “wins”
Compare exponents of y and the monomial with the smaller one “wins”

E.g., −7x7y2z3 + 4x3y9 then (12, 3, 9, 0) comes before (12, 7, 2, 3)
Better computational behavior for Gröbner Basis computation.
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Polynomial.java Polynomials

SortedMap<int[ ], Double> monomials

Exponents
↗ ↖

Coefficients
Provide a Comparator to compare the exponent vectors. It defines a
certain monomial order.

1 pub l i c c l a s s P o l y n o m i a l {
2 p r i v a t e i n t numVars ;
3 p r i v a t e SortedMap<i n t [ ] , Double> monomials
4 = new TreeMap<>( new Comparator<i n t [ ] > ( ) {
5 pub l i c i n t compare ( i n t [ ] v , i n t [ ] w) {
6 f o r ( i n t i = 0 ; i < v . l e n g t h ; i ++) {
7 i n t cmp = w[ i ] − v [ i ] ;
8 i f (cmp != 0) re tu rn cmp ;
9 }

10 re tu rn 0 ;
11 } }) ;
12 pub l i c P o l y n o m i a l ( i n t numVars ) {
13 t h i s . numVars = numVars ;
14 }
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Add Monomial with Total Degree Polynomials

We use graded lexicographic order.

The user does not need to provide a total degree (internal detail).

1 pub l i c vo id add ( Double c o e f f , i n t . . . e x p o n e n t s ) {
2 i f ( e x p o n e n t s . l e n g t h != numVars )
3 throw new I l l e g a l A r g u m e n t E x c e p t i o n ( ” . . . ” ) ;
4 i n t [ ] gradedExp = new i n t [ numVars + 1 ] ;
5 i n t t o t a l = 0 ;
6 f o r ( i n t i = 0 ; i < numVars ; ) {
7 i n t v a l = e x p o n e n t s [ i ] ;
8 t o t a l += v a l ;
9 gradedExp[++ i ] = v a l ;

10 }
11 gradedExp [ 0 ] = t o t a l ;
12 a d d I n t e r n ( c o e f f , gradedExp ) ;
13 }

Shift the given exponent vector right.

Compute the total degree and put it into position 0 of the vector.
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Add Monomial / Polynomial Polynomials

If we can add a monomial then polynomial addition becomes trivial.

1 p r i v a t e vo id a d d I n t e r n ( Double c o e f f , i n t . . . e x p o n e n t s ) {
2 Double o l d C o e f f = monomials . g e t ( e x p o n e n t s ) ;
3 i f ( o l d C o e f f != nu l l )
4 c o e f f += o l d C o e f f ;
5 i f ( c o e f f != 0)
6 monomials . put ( exponents , c o e f f ) ;
7 e l s e i f ( o l d C o e f f != nu l l )
8 monomials . remove ( e x p o n e n t s ) ;
9 }

10
11 pub l i c vo id add ( P o l y n o m i a l p2 ) {
12 i f ( o t h e r . numVars != numVars )
13 throw new I l l e g a l A r g u m e n t E x c e p t i o n ( ” . . . ” ) ;
14 f o r ( Entry<i n t [ ] , Double> m : p2 . monomials . e n t r y S e t ( ) )
15 a d d I n t e r n (m. g e t V a l u e ( ) , m. getKey ( ) ) ;
16 }
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Using the class Polynomial.java Polynomials

Create a polynomial with two indeterminates:

1 P o l y n o m i a l p1 = new P o l y n o m i a l ( 2 ) ;

Add some monomials:

1 p1 . add ( 1d , 2 , 0) ; // xˆ2
2 p1 . add ( 2d , 1 , 0) ; // xˆ2 + 2x
3 p1 . add ( 1d , 0 , 2) ; // xˆ2 + 2x + yˆ2
4 p1 . add ( 1d , 0 , 1) ; // xˆ2 + 2x + yˆ2 + y
5 p1 . add ( 1d , 0 , 1) ; // xˆ2 + 2x + yˆ2 + 2y
6 p1 . add(−3d , 0 , 0) ; // xˆ2 + 2x + yˆ2 + 2y − 3

Create another polynomial with two indeterminates:

1 P o l y n o m i a l p2 = new P o l y n o m i a l ( 2 ) ;

Add some monomials...

Add polynomial p2 to polynomial p1:

1 p1 . add ( p2 ) ;
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Polynomial Multiplication Polynomials

Multiply each monomial with each another.

Create a new polynomial which is the sum of all the monomial
multiplications.

1 pub l i c P o l y n o m i a l m u l t i p l y ( P o l y n o m i a l p2 ) {
2 i f ( p2 . numVars != numVars )
3 throw new I l l e g a l A r g u m e n t E x c e p t i o n ( ” . . . ” ) ;
4 i n t expLen = numVars + 1 ;
5 P o l y n o m i a l r e t = new P o l y n o m i a l ( numVars ) ;
6 f o r ( Entry<i n t [ ] , Double> m1 : monomials . e n t r y S e t ( ) ) {
7 f o r ( Entry<i n t [ ] , Double> m2 : p2 . monomials . e n t r y S e t ( ) ) {
8 i n t [ ] expNew = new i n t [ expLen ] ;
9 f o r ( i n t i = 0 ; i < expLen ; i ++)

10 expNew [ i ] = m1 . getKey ( ) [ i ] + m2 . getKey ( ) [ i ] ;
11 r e t . a d d I n t e r n (m1 . g e t V a l u e ( ) ∗m2 . g e t V a l u e ( ) , expNew ) ;
12 }
13 }
14 re tu rn r e t ;
15 }
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Evaluate Polynomial Polynomials

Evaluate a multivariate polynomial at a given point.

E.g.: p(x, y, z) = −7x7y2z3 + x3y3z
2 − 11x2

3 + 4xz9 + 2
E.g.: p(1, 2, 1) = −65

3

1 pub l i c Double e v a l ( Double . . . p o i n t ) {
2 i f ( p o i n t . l e n g t h != numVars )
3 throw new I l l e g a l A r g u m e n t E x c e p t i o n ( ” . . . ” ) ;
4 Double r e t = 0 . 0 ;
5 f o r ( Entry<i n t [ ] , Double> m : monomials . e n t r y S e t ( ) ) {
6 Double monomialEval = m. g e t V a l u e ( ) ;
7 f o r ( i n t i = 0 ; i < numVars ; ) {
8 Double x i = p o i n t [ i ] ;
9 f o r ( i n t exp=m. getKey ( ) [++ i ] ; exp > 0 ; exp−−)

10 monomialEval ∗= x i ; // Compute power
11 }
12 r e t += monomialEval ;
13 }
14 re tu rn r e t ;
15 }
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Computing Partial Derivative Polynomials

∂
∂x x

2 + xy + 4y3 = 2x+ y ∂
∂y x

2 + xy + 4y3 = x+ 12y2

SortedMap<int[ ], Double> monomials

Exponents
↗ ↖

Coefficients

Create a method d(int i) to compute the partial derivative ∂
∂xi

for a
given polynomial p.

Algorithm d(int i):
For each monomial (expArray, coef) do

coef = coef ∗ expArray[i]
decrement expArray[i] and the total degree expArray[0]
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Computing Partial Derivative Polynomials

Computing the partial derivative of a polynomial is easy and only
needs O(n) time.

1 pub l i c P o l y n o m i a l d ( i n t i ) {
2 P o l y n o m i a l r e s u l t = new P o l y n o m i a l ( ) ;
3 f o r ( Entry<i n t [ ] , Double> m : monomials . e n t r y S e t ( ) ) {
4 i n t [ ] ex ps = m. getKey ( ) . c l o n e ( ) ;
5 exp s [ i ]−−; e xps [0]−−;
6 r e s u l t . a d d I n t e r n (m. getKey ( ) [ i ] ∗ m. g e t V a l u e ( ) , e xps ) ;
7 }
8 re tu rn r e s u l t ;
9 }
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Polynomial Equation – Motivation Newton Iteration

Approximate the positive real n th root of a positive real number n
√
x.

E.g.
√

2 or 7
√

111:√
2 = x or 7

√
111 = x

2 = x2 or 111 = x7

0 = x2 − 2 or 0 = x7 − 111

Approximate the positive real root of the corresponding polynomial.

Newton iteration converges very fast (quadratically).

It can be generalized to systems of multivariate polynomials.
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Newton Iteration Newton Iteration

Given: A function f (e.g. a polynomial) and a starting point x0.

Apply the recursive function until a certain accuracy is reached:

xn+1 = xn −
f(xn)

f ′(xn)

Example: Take x2 − 2 and the starting point x0 = 2.

From (x2 − 2)′ = 2x follows xn+1 = xn − x2
n−2
2xn

.

x1 = x0 − x2
0−2
2x0

= 2− 22−2
2∗2 = 1.5

x2 = 1.5− 1.52−2
2∗1.5 = 1.4166̇

x3 = 1.4166̇− 1.4166̇2−2
2∗1.4166̇ ≈ 1.414216
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Newton Iteration – Java Newton Iteration

Given: A univariate polynomial p and a starting point x0.

Apply newton iteration until a certain relative accuracy is reached.

xn+1 = xn −
f(xn)

f ′(xn)

1 double newtonApprox ( P o l y n o m i a l p , double x new ) {
2 P o l y n o m i a l dp = p . d ( 1 ) ;
3 double x o l d ;
4 do {
5 x o l d = x new ;
6 x new = x o l d − p . e v a l ( x o l d ) / dp . e v a l ( x o l d ) ;
7 } whi le ( Math . abs ( x o l d − x new ) > 10e−5) ;
8 re tu rn x new ;
9 }

Math.abs(x old− x new) is the termination condition.
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Find Minimum Gradient Descent

Find (approximate) minimum of a function of multiple variables.

Finding the minimum of a function f is the same as finding the
maximum of −f .

Idea: Start at some point ~x0 = (x1, . . . , xn) and go down the
direction of the steepest slope step by step until the minimum is
reached.

Compute the gradient and follow the steepest direction.

Polynomials, Newton Approximation, Gradient Descent – Practical Software Technology Alexander.Baumgartner@risc.jku.at



Computing the Gradient Gradient Descent

We compute the gradient ∇p from the partial derivatives of a
multivariate polynomial p in the variables x1, . . . , xn.

∇p =

 ∂p
∂x1

. . .
∂p
∂xn


1 pub l i c P o l y n o m i a l [ ] g r a d i e n t ( ) {
2 P o l y n o m i a l [ ] g rad = new P o l y n o m i a l [ numVars ] ;
3 f o r ( i n t i = 0 ; i < numVars ; grad [ i ] = d(++ i ) ) ;
4 re tu rn grad ;
5 }
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Gradient Descent Gradient Descent

If f(~x) is differentiable in a neighborhood of ~a, then it decreases
fastest from f(~a) in the direction of the negative gradient −∇f(~a).
For a given starting point ~x0 we apply the following recursive formula
until the minimum is reached.

~xn+1 = ~xn − hn∇f(~xn)

hn is the step size.
For the sake of simplicity we will use a fixed step size h.
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Gradient Descent – Java Gradient Descent

Given: A multi polynomial p and a starting vector ~x0.

Apply gradient descent until a certain accuracy is reached.

~xn+1 = ~xn − hn∇f(~xn)

1 Double [ ] gradDecent ( P o l y n o m i a l p , Double h , Double . . . x ) {
2 P o l y n o m i a l [ ] g rad = p . g r a d i e n t ( ) ;
3 Double sum ;
4 do {
5 sum = 0 . 0 ;
6 f o r ( i n t i = 0 ; i < grad . l e n g t h ; i ++) {
7 Double v a l = grad [ i ] . e v a l ( x ) ;
8 x [ i ] −= h ∗ v a l ;
9 sum += Math . abs ( v a l ) ;

10 }
11 } whi le ( sum > 10e−5) ;
12 re tu rn x ;
13 }

sum is the steepness.
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Polynomial Equation – Again Gradient Descent

Approximate the positive real n th root of a positive real number n
√
x.

E.g.
√

2 or 7
√

111:√
2 = x or 7

√
111 = x

2 = x2 or 111 = x7

0 = x2 − 2 or 0 = x7 − 111
02 = (x2 − 2)2 or 02 = (x7 − 111)2

Compute
√

2 by finding the minimum of (x2 − 2)2.

Gradient descent can be used to approximate solutions of systems of
multivariate polynomials.
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Systems of Polynomial Equations Equation Systems

Gradient descent can be used to approximate solutions of a system
of nonlinear equations.

p1(x1, . . . , xn) = 0

p2(x1, . . . , xn) = 0

. . .

pn(x1, . . . , xn) = 0

The basic idea is to set P = p21 + p22 + · · ·+ p2n and apply gradient
descent.

E.g.:
x2y − 2x = 0

y + 1 = 0

}
Solution (x, y) ∈ {(0,−1), (−2,−1)}

The polynomial P = (x2y − 2x)2 + (y + 1)2 has a local minimum at
the points (0,−1) and (−2,−1).
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Using out Implementation Equation Systems

Approximate the solutions of the simple example:

x2y − 2x = 0
y + 1 = 0

}
Solution (x, y) ∈ {(0,−1), (−2,−1)}

Create the polynomial P = (x2y − 2x)2 + (y + 1)2:

1 P o l y n o m i a l p1 = new P o l y n o m i a l ( 2 ) ;
2 p1 . add ( 1d , 2 , 1) ; // xˆ2 y
3 p1 . add(−2d , 1 , 0) ; // xˆ2 y − 2x
4 p1 = p1 . m u l t i p l y ( p1 ) ; // ( xˆ2 y − 2x ) ˆ2
5 P o l y n o m i a l p2 = new P o l y n o m i a l ( 2 ) ;
6 p2 . add ( 1d , 0 , 1) ; // y
7 p2 . add ( 1d , 0 , 0) ; // y + 1
8 p2 = p2 . m u l t i p l y ( p2 ) ; // ( y + 1) ˆ2
9 p1 . add ( p2 ) ; // ( xˆ2 y − 2x ) ˆ2 + ( y + 1) ˆ2

Call the approximation:

1 r e s u l t 1 = gradDecent ( p1 , 0 . 0 1 , 0 . 0 , 0 . 0 ) ; // ( 0 ,−1)
2 r e s u l t 2 = gradDecent ( p1 , 0 . 0 1 , −1.0 , −0.7) ; //(−2,−1)
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Euclidean Division and GCD Equation Systems

Common roots of given polynomials. ⇐⇒ Roots of the GCD.
Euclidean division

Input: Two polynomials p1 and p2 6= 0 in one variable x.
Output: The quotient polynomial q and the remainder polynomial r.
We denote by deg the total degree and by lc the coefficient of the
leading monomial (leading coefficient).

q = 0, r = p1
while deg(r) ≥ deg(p2) do

s = lc(r)
lc(p2)

xdeg(r)−deg(p2) // s is an auxiliary polynomial
q = q + s
r = r − sp2

return (q, r)

Greatest common divisor (GCD)
Input: Two polynomials p1 and p2 in one variable x.
Output: A polynomial that is a unique GCD of p1 and p2 up to
multiplication by a constant.

Algorithm gcd(p1, p2):
if p2 = 0 return p1
else return gcd(p2, remainder of p1/p2)
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Exercise – Deadline June 19 th

Generalize the class Polynomial.java from the lecture such that it
works with coefficients from an arbitrary field.

1 pub l i c i n t e r f a c e C o e f f i c i e n t F i e l d <T> {
2 T add (T v a l 1 , T v a l 2 ) ;
3 T m u l t i p l y (T v a l 1 , T v a l 2 ) ;
4 T m u l t i p l y (T v a l 1 , i n t n ) ;
5 T i n v e r t (T v a l ) ; // M u l t i p l i c a t i v e i n v e r s e
6 T n e g a t e (T v a l ) ; // Add i t i v e i n v e r s e
7 T unitOne ( ) ;
8 T u n i t Z e r o ( ) ;
9 }

Implement one (approximate) representation of a field of your choice.
Implement the euclidean division algorithm for univariate polynomials.
Implement the euclidean algorithm to compute the GCD of two
univariate polynomials over an arbitrary coefficient field.
Make the monomial ordering adjustable.

See the guidance for this exercise on the Moodle page.
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