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Polynomials e

o A monomial (term) is a product of powers of variables with

nonnegative integer exponents multiplied by a constant.
4

x
o —7x7 or —
3

2.3
riT5T3
T — 31

@ A polynomial is a sum of some monomials.

o 3a3y22°

o Univariate polynomial: —727 + ”02 11‘” +4x+2
o Implementation: How to represent a ponnomlaI?
o List of coefficients:

(2747 7%7 ;7070703 77)

o Sorted map that maps exponents to coefficients:
{7—-7.3— 12 -1 140~2}
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Multivariate Polynomials Z,
W
o Multivariate polynomial: —727y?23 + xsggz 11‘” +4x2? + 2
o 3D matrix of coefficients is a bad idea to represent it.
@ There are different kinds of monomial orders.
o Sorted map that maps exponent vectors to coefficients:
Lexicographic order:
(7,2,3) — -7, (3,3,1) — 3, (3,0,0) — — 1t
(1,0,9) — 4, (0,0,0) — 2
o Sorted map that maps total degree + exponent vector to coefficient:
Graded lexicographic order:
(12,7,2,3) 7 (10,1,0,9) >—>4 (7,3,3,1) > L
( 3,3,0,0)— - (0,0,0,0) —
o Sorted map that maps total degree + exponent vector to coefficient:
Graded reverse lexicographic order:
o Compare total degree first.
o Compare exponents of z and the monomial with the smaller one “wins”
o Compare exponents of y and the monomial with the smaller one “wins”
E.g., —727y?23 + 423y° then (12,3,9,0) comes before (12,7,2,3)
Better computational behavior for Grobner Basis computation.
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Polynomial.java

o SortedMap<int[], Double> monomials

/ N

Exponents Coefficients

@ Provide a Comparator to compare the exponent vectors. It defines a

certain monomial order.

public class Polynomial {
private int numVars;
private SortedMap<int[], Double> monomials
= new TreeMap<>( new Comparator<int[]>() {
public int compare(int[] v, int[] w) {
for (int i = 0; i < v.length; i++) {
int cmp = w[i] — v[i];
if (cmp != 0) return cmp;
}
return 0;
1)
public Polynomial(int numVars) {
this . numVars = numVars;
}
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Add Monomial with Total Degree

@ We use graded lexicographic order.

@ The user does not need to provide a total degree (internal detail).

public void add(Double coeff, int...

total 4= val;
gradedExp[++i] = val;
}
gradedExp [0] = total;
addlIntern(coeff , gradedExp);

}

if (exponents.length != numVars)
throw new lllegalArgumentException(”...");
int [] gradedExp = new int[numVars + 1];
int total = 0;
for (int i = 0; i < numVars;) {
int val = exponents[i];

exponents) {

@ Shift the given exponent vector right.

o Compute the total degree and put it into position 0 of the vector.
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Add Monomial / Polynomial N

o If we can add a monomial then polynomial addition becomes trivial.

private void addlIntern(Double coeff, int... exponents) {

Double oldCoeff = monomials.get(exponents);

if (oldCoeff != null)
coeff += oldCoeff;

if (coeff I= 0)
monomials. put(exponents, coeff);

else if (oldCoeff != null)
monomials.remove(exponents);

}

public void add(Polynomial p2) {
if (other.numVars != numVars)
throw new lllegalArgumentException(”...");
for (Entry<int[],Double> m : p2.monomials.entrySet())
addlIntern(m. getValue (), m.getKey());
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Using the class Polynomial.java

N

o Create a polynomial with two indeterminates:

Polynomial pl = new Polynomial(2);
@ Add some monomials:

pl.add( 1d, 2, 0); // x°2

pl.add( 2d, 1, 0); // x"2 + 2x

pl.add( 1d, 0, 2); // x™2 + 2x + y"2

pl.add( 1d, 0, 1); // x™2 +2x +y 2 + vy

pl.add( 1d, 0, 1); // x"2 + 2x + y"2 + 2y

pl.add(—3d, 0, 0); // x°2 + 2x + y*2 + 2y — 3

o Create another polynomial with two indeterminates:

Polynomial p2 = new Polynomial(2);

Add some monomials...
Add polynomial p2 to polynomial pl:
pl.add(p2);

e ©
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Polynomial Multiplication 87

o Multiply each monomial with each another.
o Create a new polynomial which is the sum of all the monomial

multiplications.

}

public Polynomial multiply (Polynomial p2) {

if (p2.numVars != numVars)
throw new lllegalArgumentException(”...");
int expLen = numVars + 1;
Polynomial ret = new Polynomial(numVars);
for (Entry<int[], Double> ml : monomials.entrySet()) {
for (Entry<int [] , Double> m2 :p2.monomials.entrySet()){
int [] expNew = new int[explen];
for (int i = 0; i < explLen; i+4)
expNew[i] = ml.getKey()[i] + m2.getKey()[i];
ret.addlntern(ml. getValue()*m2. getValue(), expNew);
}
}

return ret;
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Evaluate Polynomial

o Evaluate a multivariate polynomial at a given point.
3,3
Eg.: p(x,y,2) = —TaTy?23 + TL2 - —11;”2 + 4229 42
Eg: p(1,2,1) = —%5

public Double eval(Double... point) {
if (point.length != numVars)
throw new lllegalArgumentException(”...");
Double ret = 0.0;
for (Entry<int[], Double> m : monomials.entrySet()) {

Double monomialEval = m.getValue();
for (int i = 0; i < numVars;) {
Double xi = point[i];

for (int exp=m.getKey()[++i]; exp > 0; exp—)
monomialEval x= xi; // Compute power

}

ret += monomialEval;

}

return ret;

}
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Computing Partial Derivative 87

oa%acQ—l—xy—l—lly?’:Q:c—&—y a@ym2+xy+4y3:x+l2y2
SortedMap<int[], Double> monomials
Exponents /‘ \ Coefficients

o Create a method d(int i) to compute the partial derivative 6%1- for a
given polynomial p.
Algorithm d(int ©):

o For each monomial (expArray, coef) do

o coef = coef * expArrayli|
o decrement expArrayli] and the total degree expArray|0]

(4]

(4]
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Computing Partial Derivative

o Computing the partial derivative of a polynomial is easy and only
needs O(n) time.

public Polynomial d(int i) {
Polynomial result = new Polynomial();
for (Entry<int[], Double> m : monomials.entrySet()) {
int [] exps = m.getKey().clone();
exps[i]——; exps[0]——;
result.addlIntern(m.getKey()[i] * m.getValue(), exps);

}

return result;
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Polynomial Equation — Motivation {F

o Approximate the positive real nth root of a positive real number /.

E.g. v2or v111:
o V2=1z or V1ll=x
0 2 =122 or 111 =27
0o 0=2%2-2 or 0=2z"—111
@ Approximate the positive real root of the corresponding polynomial.
o Newton iteration converges very fast (quadratically).
o It can be generalized to systems of multivariate polynomials.
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Newton lteration .

o Given: A function f (e.g. a polynomial) and a starting point .

@ Apply the recursive function until a certain accuracy is reached:

Tp+1 = Tn — f/(SU )
n

o Example: Take 22 — 2 and the starting point =g = 2.

o From (2% —2)" = 2z follows z,, 11 = 2, — IzT_2
z2—2
@ 1 =Ty — 20;802 72*2—15
_ 1.52-2 _
o wy = 1.5— L2 — 14166
_ 1.41662-2
o x5 =1.4166 — 414766 1.414216
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Newton lIteration — Java e

o Given: A univariate polynomial p and a starting point xg.
@ Apply newton iteration until a certain relative accuracy is reached.

Tpn4l = Tp — f/(l’ )
n

double newtonApprox(Polynomial p, double x_new) {

Polynomial dp = p.d(1);
double x_old;
do {
x_old = x_new;
x_new = x_old — p.eval(x_old) / dp.eval(x_old);

} while (Math.abs(x_old — x_new) > 10e-5);
return x_new;

o Math.abs(x_old — x_new) is the termination condition.
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Flnd Mlnlmum Gradient Descent '\(j ('
e Find (approximate) minimum of a function of multiple variables.

o Finding the minimum of a function f is the same as finding the
maximum of —f.

o ldea: Start at some point ¥y = (x1,...,x,) and go down the
direction of the steepest slope step by step until the minimum is
reached.

o Compute the gradient and follow the steepest direction.
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Computing the Gradient

o We compute the gradient Vp from the partial derivatives of a

multivariate polynomial p in the variables =1, ..., x,.
op
Ozt
Vp = e
op
8$n

public Polynomial [] gradient() {
Polynomial [] grad = new Polynomial[numVars];
for (int i = 0; i < numVars; grad[i] = d(++i));
return grad;
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Gradient Descent Gradient Descent 'g?'

P e
02" TT—

o If f(&) is differentiable in a neighbornhc‘)od of d@, then it decreases
fastest from f(@) in the direction of the negative gradient —V f(@).

o For a given starting point Zy we apply the following recursive formula
until the minimum is reached.

fn—&—l = ffn - thf(ffn)

@ h,, is the step size.
@ For the sake of simplicity we will use a fixed step size h.
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Gradient Descent — Java

o Given: A multi polynomial p and a starting vector Zy.
o Apply gradient descent until a certain accuracy is reached.

fn-l—l = fn - thf(fn)

Double[] gradDecent(Polynomial p, Double h, Double...
Polynomial [] grad p.gradient();
Double sum;
do {
sum = 0.0;
for (int i = 0; i < grad.length; i++) {
Double val = grad[i].eval(x);
x[i] == h x val;
sum += Math.abs(val);
}
} while (sum > 10e-5);
return x;
}

@ sum is the steepness.
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Polynomial Equation — Again 2Ny,

e

e Approximate the positive real nth root of a positive real number /.

E.g. V2 or v111:

(]

o
[*]
]

V2=z
2 = g2
0=2x2-2
0% = (22

_ 2)2

or
or
or
or

V111 =

111 =27
0=2"—111
0% = (27 — 111)?

o Compute v/2 by finding the minimum of (22 — 2)2.

o Gradient descent can be used to approximate solutions of systems of

multivariate polynomials.
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Systems of Polynomial Equations g?

o Gradient descent can be used to approximate solutions of a system
of nonlinear equations.

pl(x17"‘7‘rn) =
pa(z1,...,xy) = 0
pn(z1,...,2n) = 0

o The basic idea is to set P = p? + p3 + --- + p2 and apply gradient
descent.

22y — 2z =

E.go.:
& y+1

8 }Solution (xz,y) € {(0,-1),(-2,-1)}

The polynomial P = (z%y — 2x)? + (y + 1)? has a local minimum at
the points (0,—1) and (-2, —1).
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Using out Implementation 87

@ Approximate the solutions of the simple example:

2’y —2x = 0 .
y+1 = 0 }SO|UtIOn (x,y) € {(0,-1),(-2,—-1)}

o Create the polynomial P = (z%y — 22)? + (y + 1)%:

e Ca

Polynomial pl = new Polynomial(2);

pl.add( 1d, 2, 1); J/ x"2y

pl.add(-2d, 1, 0); // x"2 y — 2x

pl = pl.multiply(pl); // (x"2 y — 2x)"2

Polynomial p2 = new Polynomial(2);

p2.add( 1d, 0, 1); /)y

p2.add( 1d, 0, 0); /)y + 1

p2 = p2. multiply (p2); // (y + 1)"2

pl.add(p2); /) (x"2 y—2x)"2 + (y + 1)"2

[l the approximation:

resultl = gradDecent(pl, 0.01, 0.0, 0.0); //( 0,-1)
result2 = gradDecent(pl, 0.01, -1.0, —-0.7); //(-2,—-1)
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Euclidean Division and GCD 2\,

@ Common roots of given polynomials. <= Roots of the GCD.
o Euclidean division
o Input: Two polynomials p; and py # 0 in one variable z.
o QOutput: The quotient polynomial ¢ and the remainder polynomial 7.
o We denote by deg the total degree and by Ic the coefficient of the
leading monomial (leading coefficient).
o g=0,r=p;

o while deg(r) > deg(p2) do

° g = <) jdeg(r)—deg(p2)
le(p2)

° gq=q+s

° T=7r—5p2

o return (g, )
o Greatest common divisor (GCD)
o Input: Two polynomials p; and po in one variable x.
o Output: A polynomial that is a unique GCD of p; and py up to
multiplication by a constant.

o Algorithm ged(p1, p2):
° if po = 0 return py
° else return ged(p2, remainder of p1/p2)
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Exercise — Deadline June 19th e

o Generalize the class Polynomial.java from the lecture such that it
works with coefficients from an arbitrary field.

public interface CoefficientField <T> {

T add(T vall, T val2);

T multiply (T vall, T val2);

T multiply (T vall, int n);

T invert(T val); // Multiplicative inverse

T negate(T val); // Additive inverse

T unitOne();

T unitZero();

}

o Implement one (approximate) representation of a field of your choice.
@ Implement the euclidean division algorithm for univariate polynomials.
@ Implement the euclidean algorithm to compute the GCD of two

univariate polynomials over an arbitrary coefficient field.
o Make the monomial ordering adjustable.

See the guidance for this exercise on the Moodle page.
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