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Anti-Unification Problem

Given two terms tq, to.
Find a generalization term ¢ such that ¢1,%o are instances of ¢.

Interesting generalizations are the least general ones (Iggs).

Baumgartner, Kutsia, Levy, Villaret Nominal Anti-Unification / Equivariance



Anti-Unification Problem

Given two terms tq, to.
Find a generalization term ¢ such that ¢1,%o are instances of ¢.

Interesting generalizations are the least general ones (Iggs).

Input terms ‘ f(a,g(b),b) and f(a,g(c),c)
Generalization | f(a, X,Y)

Leg f(a,9(X), X)
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Nominal Term

Function symbols (f, g, h)
Atoms (a, b, c,d)
Variables (X, Y, Z)

Variables can be instantiated and atoms can be bound.
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Nominal Term

Grammar: to=f(ty,...,ty) |a|at|m- X

Application
Atom

Abstraction
Suspension
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Nominal Term

Grammar: to=f(ty,...,ty) |a|at|m- X

Application
Atom
Abstraction

Suspension

7 is a permutation, represented as a list of swappings.
A swapping (a b) is a pair of atoms.
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Nominal Term

Grammar: to=f(ty,...,ty) |a|at|m- X

Application
Atom
Abstraction

Suspension

7 is a permutation, represented as a list of swappings.
A swapping (a b) is a pair of atoms.

(ab)-a=b; (ab)-b=a

(ab)- fla,b) = f(b,a)
(ab)-a.a=bb
(ab)(cd)-t=(ab) ((cd)-t)
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Nominal Anti-Unification — Example

Input terms ‘ f(a,b,c) and f(a,c,d)
Generalization | f(a, X,Y)
f

Leg (a, X, (bd)(bc) - X)
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Nominal Anti-Unification — Example

Input terms f(a,b,c) and f(a,c,d)
Generalization | f(a,X,Y")

Leg fla, X, (bd)(bc)- X)

Input terms f(a.a,b) and f(a.X,(ab) - X)
Generalization | f(a.Y, Z)

Lgg f(a.Y,(ab)-Y)
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Freshness

Definition (Freshness constraint)

A freshness constraint is a pair of the form a#X stating that the
instantiation of X cannot contain free occurrences of a.

Definition (Freshness context)

A freshness context V is a finite set of freshness constraints.

Definition (Term-in-context)

A term-in-context is a pair (V,t) of a freshness context and a term.

w
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Definition of a-Equivalence

ViEt=xt
—(~-at ——(=~-abs-1
Vl—a%a( atom) Vl—a.twa.t’( abs-1)
' Vit (ad) ! VEa#t
a#ad V (aa) VEa# (~-abs-2)

Vikat=ad.t

a#X e Vforallasuchthat m-a# 7' -a
Vkrn - X=n'-X

Vetymt, o Vit,~t)

VEfltr,...th) = f(t,...,t)

where the freshness predicate # is defined by

(~=-susp.)

(=-application)

a#d (ﬂ—_l'a#X)EV
YV aga (20OM) DK€Yy )
Vi a#f(ts,...tn) (#-application)
a#a VI ad#t
VT agar #abstD) T )
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Substitution Application to V

We say that a substitution o respects a freshness constraint V, if
for all X, FA®(Xo)N{a | a#X € V} = 0.
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Substitution Application to V

We say that a substitution o respects a freshness constraint V, if
for all X, FAS(Xo)N{a|a#X € V} = 0.
Rule based system FC works on tuples F'; V and transforms
F = {a1#t1,...,anFt,} into a freshness context V, if possible:
Del-FC: {a#b}UF; V= F; V,ifa#b
Abs-FCl: {a#at}UF; V= F; V
Abs-FC2: {a#bt}UF; V= {a#t} UF; V,ifa#b
Dec-FC: {a#f(t1,...,tn)}UF; V ={a#t1,...,a#t,} UF; V
Sus-FC: {a#r - X}UF; V= F; {71 a#X} UV
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Substitution Application to V

We say that a substitution o respects a freshness constraint V, if
for all X, FAS(Xo)N{a|a#X € V} = 0.
Rule based system FC works on tuples F'; V and transforms
F = {a1#t1,...,anFt,} into a freshness context V, if possible:
Del-FC: {a#b}UF; V= F; V,ifa#b
Abs-FCl: {a#at}UF; V= F; V
Abs-FC2: {a#bt}UF; V= {a#t} UF; V,ifa#b
Dec-FC: {a#f(t1,...,tn)}UF; V ={a#t1,...,a#t,} UF; V
Sus-FC: {a#r - X}UF; V= F; {71 a#X} UV
Given a freshness context V and a substitution o, we define
Vo =FC{a#Xo | a#X € V}).
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Definition of More General

Definition (More general)

We say that a term-in-context (V1,t1) is more general than a
term-in-context (Vo, to), written (V1,t1) = (Va, o), if there exists
a substitution o, which respects V1, such that Vo0 C V5 and

Vo tio = ts.
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Definition of More General

Definition (More general)

We say that a term-in-context (V1,t1) is more general than a
term-in-context (Vo, to), written (V1,t1) = (Va, o), if there exists
a substitution o, which respects V1, such that Vo0 C V5 and

Vo tio = ts.

{a#X}, f(a)) ~ (0, f(a))
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Definition of More General

Definition (More general)

We say that a term-in-context (V1,t1) is more general than a
term-in-context (Vo, to), written (V1,t1) = (Va, o), if there exists
a substitution o, which respects V1, such that Vo0 C V5 and

Vo tio = ts.

{a#X}, f(a)) ~ (0, f(a))
(0, £(X)) = (a#t X}, (X))
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Definition of More General

Definition (More general)

We say that a term-in-context (V1,t1) is more general than a
term-in-context (Vo, to), written (V1,t1) = (Va, o), if there exists
a substitution o, which respects V1, such that Vo0 C V5 and

Vo tio = ts.

{a#X}, f(a)) ~ (0, f(a))
(0, £(X)) = (a#t X}, (X))
0, £(X)) = {a#Y}, (V)
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Definition of More General

Definition (More general)

We say that a term-in-context (V1,t1) is more general than a
term-in-context (Vo, to), written (V1,t1) = (Va, o), if there exists
a substitution o, which respects V1, such that Vo0 C V5 and

Vo bk tio~

{a# X}, f(a)) = (0, f(a))
0, £(X)) = ({a# X}, £(X))
0, 1(X)) = ({a#Y}, £(Y))
f

{
{
{
{a# X}, £(X)) 20, F(Y))
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Definition of More General

Definition (More general)

We say that a term-in-context (V1,t1) is more general than a

term-in-context (Vo, ta), written (Vy,t1) =

(Va,ta), if there exists

a substitution o, which respects V1, such that Vo0 C V5 and

Vo tio =~ to.

{a#X}, f(a)) ~ (0, f(a))
(0, £(X)) = (a#t X}, (X))
0, £(X)) = ({as#tY}, f(Y))
{a# X}, £(X)) 20, F(Y))
{

{a## X}, F(X)) 2 ({a# X}, f(a))
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Definition of More General

Definition (More general)

We say that a term-in-context (V1,t1) is more general than a
term-in-context (Vo, to), written (V1,t1) = (Va, o), if there exists
a substitution o, which respects V1, such that Vo0 C V5 and

Vo bk tio~

{a#X}, f(a)) ~ (0, f(a))
(0, £(X)) = (a#t X}, (X))
0, £(X)) = ({as#tY}, f(Y))
{a# X}, £(X)) 20, F(Y))
{a# X}, F(X)) 2 ({a# X}, f(a))

{b#X}, (ab) - X) = ({c# X}, (ac) - X)
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Input / Output

Given: Two nominal terms ¢ and s of the same sort, a freshness
context V, and a finite set of atoms A such that ¢, s, and V are

based on A.

Find: A nominal term r and a freshness context I', such that the
term-in-context (I, ) is an A-based least general generalization

of the terms-in-context (V,t) and (V,s).

Input terms f(a,b) and f(b,c)
Input context | ()

Atoms A {a,b,c,d}
No lgg (0, f(Y, (ab)(bc) - Y)>
A-based lgg | ({c#Y,d#Y}, f(Y,
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The Anti-Unification Algorithm

Rule-based formulation:
4 transformation rules.

Works on tuples P; S; V; Atoms; I'; o:
P and S are sets of AUEs of the form X : ¢t = s;
Global freshness context V;
Global set Atoms is a finite set of atoms;
Computed freshness context I';
Computed substitution o.
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lllustration of Anti-Unification Algorithm

We illustrate the algorithm on the input:
f(a,b) and f(b,c), V=0, Atoms={a,b,c,d}:

{X : f(avb) £ f(bvc)};(b;@;f‘:
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lllustration of Anti-Unification Algorithm

We illustrate the algorithm on the input:
f(a,b) and f(b,c), V=0, Atoms={a,b,c,d}:

{X : f(avb) £ f(b,c)};@;@;g
—pec {Y:a2b,Z:0%c}0;0;{X — f(Y,2)}
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lllustration of Anti-Unification Algorithm

We illustrate the algorithm on the input:
f(a,b) and f(b,c), V=0, Atoms={a,b,c,d}:
{X: f(a,b) £ f(b,c)}; 0;0¢
—=pec {Y :a2b,Z:b2ch0:0;{X — f(Y,2)}
=50 {Z:b=c}{Y a2 b);
{c#Y, d#Y }; {X = f(Y,2)}
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lllustration of Anti-Unification Algorithm

We illustrate the algorithm on the input:
f(a,b) and f(b,c), V=0, Atoms={a,b,c,d}:
{X : fa,b) £ f(b,0)};0;0;¢
—pec (Y:a20,Z:b2ch;0;0;{X — f(Y,2)}
=50l {Z:b2 i {Y 1a = b}
{c#Y, d#Y }; {X = f(Y,2)}
=50 0;{Y :a=b7:b=c)
{c#tY, d#Y, a#Z, d#2}; {X — f(Y,Z)}
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lllustration of Anti-Unification Algorithm

We illustrate the algorithm on the input:
f(a,b) and f(b,c), V=0, Atoms={a,b,c,d}:

{X : fla,b) = f(b,c)}; 0;0;¢
=pec (Y :a2b7Z:0%c}0;0;{X — f(Y,2)}
=50 {Z:b=c}{Y a2 b);

{c#tY, d#Y}; {X = f(Y, 2)}
=50 0;{Y :a=b7:b=c)

{e#Y, d#Y, a4t Z, d# 7} {X — f(Y,Z)}
—Mer 0;{Y :a = b};

{c#Y, d#Y };{X — f(Y,(ab)(bc) - Y)}
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lllustration of Anti-Unification Algorithm

We illustrate the algorithm on the input:
f(a,b) and f(b,c), V=0, Atoms={a,b,c,d}:
{X : f(a,b) = f(b,c)}; 0;0;¢
—pec (Y:a20,Z:b2ch;0;0;{X — f(Y,2)}
=50 {Z:b=c}{Y a2 b);
{c#Y, d#Y }; {X = f(Y,2)}
=50 0;{Y :a=b7:b=c)
{c#tY, d#Y, a#Z, d#2}; {X — f(Y,Z)}
—Mer 0;{Y :a = b};
{c#Y, d#Y 1 {X = f(Y, (ab)(bc) - Y)}

The Atoms-based lgg is ({c#Y,d#Y}, f(Y,(ab)(bc) - Y).
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The Equivariance Problem

Mer: Merging
P, {X:t125,Y it 2 5}US; T; 0 =
P {X:t1 =25}US; T{Y =»rm-X}; o{Y =7 X},
where 7 : Atoms — Atoms is a permutation such that
Vl—ﬂ"tlﬁtz, andv}—ﬂ'-81%82.
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The Equivariance Problem

Mer: Merging
P, {X:t125,Y it 2 5}US; T; 0 =
P {X:t1 =25}US; T{Y =»rm-X}; o{Y =7 X},
where 7 : Atoms — Atoms is a permutation such that
Vl—ﬂ"tlﬁtz, andv}—ﬂ'-81%82.

Given: Pairs of nominal terms (¢1,t2) and (s1, s2) of the same
sort, a freshness context V, and a finite set of atoms A.

Find: An A-based permutation m, such that V - 7 - t; = 9, and
V B 781~ 89, if it exists.
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Deciding Equivariance

Rule-based algorithm & works in two phases:
Simplification phase.
Permutation computation.
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Deciding Equivariance

Rule-based algorithm & works in two phases:
Simplification phase.
Permutation computation.
Tuples of the form E; V; A; «:
E is a set of equivariance equations of the form (t1, p1) & (t2, p2).

t1,t2 are nominal terms;
p1, p2 are permutations.
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Deciding Equivariance

Rule-based algorithm & works in two phases:
Simplification phase.
Permutation computation.

Tuples of the form E; V; A; «:

E is a set of equivariance equations of the form (t1, p1) & (t2, p2).
t1,t2 are nominal terms;
p1, p2 are permutations.

V is a freshness context.

A is a finite set of atoms.

7 is a A-based permutation.

Baumgartner, Kutsia, Levy, Villaret Nominal Anti-Unification / Equivariance



Deciding Equivariance

Rule-based algorithm & works in two phases:
Simplification phase.
Permutation computation.

Tuples of the form E; V; A; «:

E is a set of equivariance equations of the form (t1, p1) & (t2, p2).
t1,t2 are nominal terms;

p1, p2 are permutations.
V is a freshness context.
A is a finite set of atoms.
7 is a A-based permutation.
Two final states:

Success state: 7 holds the computed permutation.
Failure state L.
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Simplification Phase of &

Dec-E: Decomposition
{<f<t17 v 7tm)7p1> ~ <f(317 .- 78m>7p2>}UE7 v7 A7 Id =
{{t1, p1) = (51,p2), -+ (tm> p1) = (Sm, p2) } UE; V; A; Id.
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Simplification Phase of &

Dec-E: Decomposition
{(f(t1, -y tm), p1) = (f(S1,--.,8m),p2) } UE; V; A; Id =
{{t1,p1) = (s1,02), -+, (tm, p1) = (Sm,p2)} UE;V; A; Id.
Alp-E: Alpha Equivalence
{{a.t,p1) = (b.s,p2)}UE; V; A; Id =
{(t,p3) = (s, pa)} UE; VU{H#X | X € Vars(t,s)}; 4; Id,
where ¢ is a fresh atom and a, b, ¢ are of the same sort.
p3 = (p1-a ¢)p1 and py = (p2-b ¢)pa.
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Permutation Computation of &

Rem-E: Remove
{{a,p1) = (b, p2) UE; V; A; m = E; V; A\ {p2-b}; m,
where mp1 - a = pg - b.
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Permutation Computation of &

Rem-E: Remove

{{a,p1) = (b, p2) UE; V; A; m = E; V; A\ {p2-b}; T,
where mp1 - a = pg - b.
Sol-E: Solve

{{a,p1) = (b,p2) }UE; V; A; 7= E; V; A\ {d}; (cd)T,
where c,d € A, c=mpy1-a, d=ps-b, and ¢ # d.
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Permutation Computation of &

Rem-E: Remove
{{a,p1) = (b, p2) UE; V; A; m = E; V; A\ {p2-b}; m,
where mp1 - a = pg - b.
Sol-E: Solve
{{a,p1) = (b, p2) YU E; V; A; 7= E; V; A\ {d}; (cd)m,
where c,d € A, c=mpy1-a, d=ps-b, and ¢ # d.
Sus-E: Suspension
{{(m - X,p1) = (me- X, p2)}UE; V; A; m =
{{(r=t . a,Id) ~ (b, Id) | (a,b) € dp(wp171, p2m2, V, X)} U E;
V; An(da(rpimi, pame, V, X)U{mp1m1 -a | a# X € V}); 7.
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Demonstration of &

Consider the term-pairs (a,a) and (a.(a b)(cd) - X, b.X).
Atoms = {a,b,c,d}, and V = {a#X }.
{{a, Id) = (a,Id),{a.(a b)(cd) - X, Id) = (b.X,Id)};
{a#X}; {a,b,c,d}; Id
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Demonstration of &

Consider the term-pairs (a,a) and (a.(a b)(cd) - X, b.X).
Atoms = {a,b,c,d}, and V = {a#X }.
{{a, Id) = (a,Id),{a.(a b)(cd) - X, Id) = (b.X,Id)};
{a#X}; {a,b,c,d}; Id
= ap-e {(a,1d) = (a,1d),{(a b)(cd) - X, (a é)) = (X, (bé))};
{a#X,é#X}; {a,b,c,d}; Id
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Demonstration of &

Consider the term-pairs (a,a) and (a.(a b)(cd) - X, b.X).
Atoms = {a,b,c,d}, and V = {a#X }.
{{a, Id) = (a,Id),{a.(a b)(cd) - X, Id) = (b.X,Id)};
{a#X}; {a,b,c,d}; Id
= ap-e {(a,1d) = (a,1d),{(a b)(cd) - X, (a é)) = (X, (bé))};
{a#X,é#X}; {a,b,c,d}; Id

= Rem-£ {{(a b)(cd) - X, (aé)) = (X,(bé))};
{a#X,é#X}; {b,c,d}; Id
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Demonstration of &

Consider the term-pairs (a,a) and (a.(a b)(cd) - X, b.X).
Atoms = {a,b,c,d}, and V = {a#X }.
{{a, Id) = (a,Id),{a.(a b)(cd) - X, Id) = (b.X,Id)};
{a#X}; {a,b,c,d}; Id
= ap-e {(a,1d) = (a,1d),{(a b)(cd) - X, (a é)) = (X, (bé))};
{a#X,é#X}; {a,b,c,d}; Id

= Rem-£ {{(a b)(cd) - X, (aé)) = (X,(bé))};
{a#X,é#X}; {b,c,d}; Id

= Sus-E {<Ca Id) ~ <d7 Id>v <d’ Id> ~ <C7 Id>};
{a#X,é#X}; {b,c,d}; 1d
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Demonstration of &

Consider the term-pairs (a,a) and (a.(a b)(cd) - X, b.X).
Atoms = {a,b,c,d}, and V = {a#X }.
{{a, Id) = (a,Id),{a.(a b)(cd) - X, Id) = (b.X,Id)};
{a#X}; {a,b,c,d}; Id
= ap-e {(a,1d) = (a,1d),{(a b)(cd) - X, (a é)) = (X, (bé))};
{a#X,é#X}; {a,b,c,d}; Id

= Rem-£ {{(a )(cd) - X, (aé)) = (X, (bé))};
{a#X,é#X}; {b,c,d}; Id

= susk {(c, Id) = (d, Id),{d, Id) =~ (c, Id)};
{a#X,é#X}; {b,c,d}; 1d

= sole {{d, Id) = (c, Id)}; {a#X,é4X}; {b,c}; (cd)
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Demonstration of &

Consider the term-pairs (a,a) and (a.(a b)(cd) - X, b.X).
Atoms = {a,b,c,d}, and V = {a#X }.
{{a, Id) = (a,Id),{a.(a b)(cd) - X, Id) = (b.X,Id)};
{a#X}; {a,b,c,d}; Id
= ap-e {(a,1d) = (a,1d),{(a b)(cd) - X, (a é)) = (X, (bé))};
{a#X,é#X}; {a,b,c,d}; Id

= Rem-£ {{(a )(cd) - X, (aé)) = (X, (bé))};
{a#X,é#X}; {b,c,d}; Id

= Sus-E {<Ca Id) ~ <d7 Id>v <d’ Id> ~ <C7 Id>};
{a#X,é#X}; {b,c,d}; 1d

= sole {(d,Id) = (c, Id)}; {a#X,é4£ X} {b,c}; (cd)

= Rem-E @; {G#X, é#X}v {b}7 (C d)
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Demonstration

http://www.risc. jku.at/projects/stout/software/nequiv.php
http://www.risc. jku.at/projects/stout/software/nau.php
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http://www.risc.jku.at/projects/stout/software/nequiv.php
http://www.risc.jku.at/projects/stout/software/nau.php

