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The Abstraction Principle — An Overview

The phrases of any semantically meaningful syntactic
class may be named — The Abstraction Principle

« Decomposition - nontrivial task into sub named tasks

« Design construct for more general purpose
o definel =V (I to V binding — name to body)

o ldentifier - syntax domain for name
o Declaration - syntax domain for definition constructs

 Invocation — |, invoke |, call |



Syntax Domains - Expression Abstractions

P € Program L € Location
D € Declaration N € Numeral
C € Command | € Identifier

E € Expression

P::=DinC

D:=funl=E| D, D,| D;;D,

C:=L=E|C;C, | ifEthenC elseC, fi | while Edo Cod | skip
Ex=N| @L|E+E, | E,=E,| -E ||

L::=loc, i>0

N ::=n, neN



Expression Abstractions

« Expression abstractions — functions
fun A=1+@loc,
loc,:=A+2 — well formed command
o Type attribute is established when function is defined

o Type assignment - set of identifier and type attribute pairs
e Function type is to be communicated to the
expressions/commands that use the function
fun A=1+@loc,
fun B=@loc,=0
nt = {A:intexp, B:boolexp}dec
e Represents only partial functions — at most one pair
(1:0)emn

o fun A=1+@loc, ,fun A=@loc,=0 — not well formed
o loc:=A+2 — (1 |—Ioc1:=A+2: comm) - well-typed



Typing Rules - Expression Abstractions

o Annotate syntax tree
« Annotate each node — type and type assignment
attributes

o Function definition
¢ |—E:texp

Tt |— fun I=E: {l:texp}dec

« Function invocation
Tt |-|:T6Xp if (l:texp) E

rn - global declarations, otherwise an empty set @



Typing Rules - More

« Case: D,,D,
Tt |—D1: ndec T |—D2: T, dec

n FD,,D,: (m, Un,)dec
where (t, Um,) = (m, Um)if{l | (1:8,)em}N{l | (1:8,)em,} =@
« Case: D,;D,

n fD:mdec mnUm, FD,:m,dec

n FD,;D,: (m, U n,)dec



Semantics of Abstractions

o Definitions be saved in a structure — environment
o Denoted by e

 Set of identifier, meaning pairs
[[rt } C:comm]] € Environment - Store - Store.

o Semantics of assignment becomes
[} L:=E: comml]]e s = update([[rt } L: intloc]]e, [[r} E: intexp]]e s, s)

« Function definition
[ | fun I:=E: {rexp}dec]le s = {l = f}, where f(s’) = [t } E: texp]]e s’

e Function invocation — a crucial clause
[ }I: texplle s = v(s), where (I=v) € e



Semantics of Abstractions — Example

fun A:=@Ioc, , loc, :=A

where e, ={A =f}, where f,(s) = lookup(loc,, s)

f1(s) = [[@ | @loc,: intexp]]D s

[, |} @loc,:=A: comml]]e, (2,3,4)

= update([[m, } loc,: intlocl]e,, [[r, | A: intexp]le; (2,3,4), (2,3,4))
= update(loc,, f,(2,3,4), (2,3,4))

= update(loc,, lookup(loc,, (2,3,4)), (2,3,4))

= update(loc,, 2, (2,3,4)) = (2,2,4)

A is not an integer but a mapping from current store to an integer



Soundness of Typing Rules for Abstractions

Soundness - if typing rules and the semantics are well-formed
with the addition of typing assignments attributes to typing
rules and the environment arguments to semantics

Proof

Environment e is type consistent with type assignment 1t

if (1:0) € m exactly when (I=v) e eand v € [[0]]

Let Env,_ = set of all environments that are consistent with it

To show: if t} U:6 and e€Env,_, then [[rt} U:0]]e € [[6]]

Case: 1t | L:=E:comm and e € Env,,

n | L:intloc and 1t | E:intexp //both should hold as per typing rule
By inductive hypothesis

[t | Liintloc]]e € Location and [[rt | E:intexp]le € Store > Int
Hence

[[t | L:=E:comml]]e s = update([[rt |} L:intloc]]e, [[Tt | E:intexp]le s, s) € Store
=> [[rt } L:=E:comm]]e € Store > Store




Lazy Evaluation

« Abstraction computed at abstraction invocation time
Example
fun F = @loc +1inloc,:=0; loc,:=F; loc,:=F+2
o Result computed each time Fis invoked
o Given store (2,3) alters store is (1,4) by lazy evaluation

« Uses the previously discussed typing rules as it is the norm
« Definition

define | =V , define | =V, ..., define | =V_inU=>[V /I, V,/I, ..,V /I U
Example
fun A=1, fun B=@/oc,=0 in while B do /oc,:=A+2 od
=>[1/A, @loc,=0/B]while B do /oc,:=A+2 od
= while @/oc,=0 do loc,:=1+2 od



Lazy Evaluation — Semantics

Key for lazy evaluation is to provide a store to the body of the function,
when it is invoked

[t} define I1=U: {I:B}dec]]e s = {I=f}, where fs’ = [[rt | U:B]]e s’
[[m |invoke I:0 ]]le s =fs, where (I=f) € e

« Soundness of copy rule

[[ [ define | =V, define | =V, ..., define | =V _in C:comm]] = [[@ |— [VJ./IJ.]C:comm]] 1)
Need to show for all s € Store

[[ [ define | =V, define | =V, ..., define | =V_in C:comml]]s = [[@ |— [VJ./IJ.]C:comm]] Ds
First we show

[[ | define | =V, define |,=V,, ..., define | =V _in C:comml]]s = [[r, |—C:comm]]e1 S
wherem, ={1:6} ., ande, ={l=[[@}V:611@},

Case L:=E

[[r, |— L:=E:comm]]e, s = update([[n, |— L:intloc]le,, [[r, |— E:intexp]le, s, s)

= update([[@ |- [V/\]L:intloc]] @, [[@ | [V/I]E:intexp]]@ s, 5), 1<=j<=n

By induction hypothesis for Land E

[[@ |— [Vj/lj]L:=E:comm]] @ s //where s is arbitrary so proved




Eager Evaluation

« Abstraction is computed at definition time only

Example
fun F = @loc,+1 in loc,:=0; loc:=F; loc,:=F+2
o Given store (2,3) alters store is (3,5) by eager evaluation
Semantics
o Store available at definition= Store available at invocation

[} fun I=E: {l:texp}]]e s = { I= [[t | E:texp]le s }

[t | l:texplle s =v, where (I=v) E e

Example

[} fun A=1, fun B=@/oc,=0 in while B do /oc,:=A+2 od:prog]](0,2,4)
= [[n | while B do loc,:=A+2 od:comm]]e (0,2,4)

where it = {A:intexp, B:boolexp} and

e=[[@ | fun A=1, fun B=@Ioc,=0:ndec]]®(0,2,4)

w(0,2,4)



Lazy evaluation vs Eager evaluation

o Lazy evaluation - call by name-style
o Lazy evaluation can be understood as the copy rule
o Copy rule performs simultaneous substitutions
Example loc,:=0; loc:=(@loc,+1); loc,:=(@loc,+1)+2
« Copy rule cannot work directly for D,;D,
o Copy rule fails in eager evaluation
o Eager evaluation - call by value-style
o Storeis to be supplied immediately to the body of the abstraction
o Improper meaning of the abstraction’s body causes improper
meaning of the entire program
Example
[} loop:intexp]le s = L
fun A =loop in skip
Eager evaluation demands result as L
Lazy evaluation executes skip and terminates



Other Standard Abstractions

o Definition construct must match invocation construct

o Addition

« Command abstraction - procedures
o« Numeral abstractions - const
o Location abstractions - alias

P::=DinC

D ::=fun I=E | proc|=C | const I=N | alias I=L | D,, D,| D;
C:u=L=E| C:C, | ifEthenC, eIseCf||wh|IeEdoCod|sk|p|caIII
E: —N|@L|E+E | E,=E, |ﬂE||

L::=loc | |

N::=n||

Alias is merely a name for a location and is not a variable declaration



Other Standard Abstractions — command abstraction

« General pattern of an abstraction typing rule
n |} U:0
define I=U: {l: B}dec

n |- invoke 1:8, if (1: 8) € 1
D ::=proc [=C
C:=calll
« Semantics depends on evaluation — function-like
o Can use lazy evaluation
o Can use eager evaluation



Variable Abstractions

o Different from alias abstraction
o alias abstraction is a name for already allocated location

 Variable abstraction

o allocates a fresh location in store

o initializes it — may be

 binds to an identifier

o part command and part abstraction
Replaces location numbers with variable declarations

rmmco

=..| varl
=L=E|C1C2|
=N| @L| ..



Variable Abstractions — Semantics

« Typing rules
| I:intloc ; n | I:intloc, if (1: intloc) € T
| var I: {l:intloc}dec

Example — var X; var Yin X:=0; Y:=@X+1

« Semantics of variable abstractions
« Declaration can alter the store
[[rt} var |: {l:intloc}dec]]e s = ({I=]}, §’)
where (/, s’) = allocate(s)
and allocate: Store > (LocationXStore)
o Part abstraction — binding | to /
o Part command — updatessto s’
« Semantics depends on the evaluation



Type Structure Abstractions

o It is illuminating to separate the part command and part
abstraction in the syntax

D € Declaration

T € Type-structure
D:=.. | varl:T | class I=T
T ::= newint | |

« Type structure represents command-like construct
« Type structure is a storage allocation routine
o Semantics

« When evaluated with current environment and store, alters the

store and returns value bounded identifier
[t |—T=U: &class]] € Env, - Store > ([[6]]XStore) s = ({I=f}, s), where fs’ = [[rt |— U:B]le s’



Type Structure Abstractions — newint

« newint allocates storage and returns the name

e Syntax
T ::= newint
e Typing rule
1 | newint:intloc class
e Semantics

[[rt} newint:intloc class]]e s = allocate(s)
where allocate: Store - (LocationXStore)



Type Structure Abstractions — var |:T

e Syntax
D::=var |.T
T::=newint | |
e Typing rules
nth T:6class

rtkvar |I:T: {l:0}dec

ntk1:6, if (1:6) eEn
e Semantics
[Tt |—var I:T: {l:8}dec]]e s = ({I=v}, s’), where (v, s’)={n |—T:6class}e S



Type Structure Abstractions — class =T

e Syntax
D::=class |=T
T::=newint | |
e Typing rules
nk T: 6class

nth class I1=T: {l:6class}dec

ntk1:6, if (I:6) eEn
o Semantics
[t} class I=T: {l:8class}dec]]e s = ({I=p}, s), where p s’={r | T:6class}e s’
o Class — lazily evaluated type structure
« Variable declaration — eagerly evaluated type structure

o Class is more interesting in a record structure



Type Structure Abstractions — Example

var A:newint;

class R = record var C:newint; proc P=(C:=@A+1) end;
var F:R; var G:R;

in..A...FC...call F.P...G.C....call G.P ...;

(Var A;newintintloc class¢ )T[ldeC’-



Declaration Abstractions

o Declarations can themselves be abstracted — known as module
D ::=... | module I={D} | import |

o Typing rules
n} D:m,dec
module |={D}: {I: m,dec}dec

nFimport |= t,dec, if (I= m,dec) €
o Semantics
« Storage cells are not allocated until the module is imported — lazy evaluation
« Eager evaluation of module is essential when indexing of components is used
[t} module I= {D}: {l:,dec}decl]]e s = ({I=f}, s)
where f(s’) = [[rt} D:mydec]le s’
[t} import |:t,dec]]e s = f(s), where (I1=f) € e
Example
module M = {class K = newint; var A:K; proc P=A:=0};
var B:newint;
in call M.P; B:=@M.A



Abstractions as Record Introduction Principle

Abstraction Principle says “semantically meaningful syntactic
class” may be named

o Type attributes as a binding between name to a value
o It is proved by the denotational semantics

o Consider a compound declaration as a set of unique
identifiers

| .{I1=v1, L=v,, I3.=v3, w12V}
e The set is an environment but is also a record

o Fundamental operation on records is indexing
o X.I—extracts the value that is bound to identifier | within X

Phrases of any semantically meaningful syntactic class may
be components of records



Thank you for patience!
Questions?



