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Approach

Our approach:
Forward symbolic execution

Functional semantics

Contributions: purely logical approach
> Program syntax, semantics, partial correctness, termination - formalized in
predicate logic
> Suitable for all imperative languages
» Verification conditions (including termination condition):
{ ensure existence and the uniqueness of the program function
are first order logic formulae
> No necessity for a meta-theory about the program execution, semantics, etc.
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Main Ingredients

{Apphce.at.lon] Object theory:
specific

First order logic with equality

Expresses the properties of the objects manipulated by the program

[Universal]  Meta-theory:
Meta-terms
> the program itself
» terms and formulae from the object theory
Imperative program statements
> assignments (including recursive call)
> conditionals
> While loops
> abrupt statements (Return)
Predicates and functions for reasoning about programs
» Syntax: I
> usage of initialized variables
> every branch has a Return statement

» Semantics: X ~» implicit definition of the program function
» Partial correctness: I

> safety verification conditions
» functional verification conditions

» Termination: © ~- termination conditions 2%
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Example: Program computing simultaneously the GCD and the LCM

of two positive integers

Specification['GCD — LCM", LG[]| a, | b],
Pre - a>0Ab>0,
Post — 3 = LCM|a, b]]
Program[’'GCD — LCM", LG[| a, | b],
xX=ay=bu=bv=a
While[x # y,

(GCD[x,y] = GCD[a,b])) Ax >0Ay >0A(x*u+y*xv=2%xaxb),

If[x >y,
X=X—Yy,v=v-+u,
y=y—x;u=u+Vv];
Return[(u + v)/2]],
Specification — Specification['GCD — LCM']]

Syntax: /



Syntax

Definition

1.
2.

3.

n[pP] < Ni{a}, Pl
N[V, (Return[t]) — P] < Vars[t] C V
N[V, (break) — P] < True

Vars[t] C V

LNV (v =ty — Pl A {I_I[VU (v}, Pl

Vars[p] C V
. H[V7<If[907PT)PF]> ~ P] ¢>/\ {n[V»PT ~ P]
ﬂ[V, PF ~ P]
Vars[p] C V
. N[V, (While[p, ¢, B]) — P] & A {I'l V,B — (Return|True])]
n[v, el
. NV,P]=F
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Example: Program computing simultaneously the GCD and the LCM

of two positive integers

Specification['GCD — LCM", LG[| a, | b],
Pre -a>0Ab >0,
Post — (3 = LCM]|a, b]]
Program[’GCD — LCM", LG[| a, | b],
X =ay=byu=bv=a
While[x # y,
(GCDI[x,y] = GCD[a, b)) Ax >0Ay >0A(x*xu+ys*v=2%axb),
If[x >y,
X=X—-y,v=v+u,
=y—x;u=u+v];

y
Return[(u + v)/2]],
Specification — Specification['GCD — LCM']]

Semantics:
a>0Ab>0Aa=b= (LG[a, b] = b)



Example: Program computing simultaneously the GCD and the LCM
of two positive integers

Specification['GCD — LCM", LG[| a, | b],
Pre -a>0Ab >0,
Post — 3 = LCM|a, b]]
Program[’GCD — LCM", LG[| a, | b],
X =ay=byu=bv=a
While[x # y,
(GCD[x,y] = GCD[a,b]) Ax >0Ay >0A(x*xu+y=*v=2%axb),
If[x >y,
X=X—Yy,v=vVvV-+u,
=y—x;u=u+v];

y
Return[(u + v)/2]],
Specification — Specification['GCD — LCM']]

Semantics:

a>0Ab>0Aa=b= (LG[a, b] = b)
a>0Ab>0AXx#yA(GCD[x,y] = GCD[a,b]) Ax >0Ay >0A(x*u+yxv=2xaxb)

Ax >y = True



Example: Program computing simultaneously the GCD and the LCM
of two positive integers

Specification['GCD — LCM", LG[| a, | b],
Pre -a>0Ab >0,
Post — 3 = LCM|a, b]]
Program[’GCD — LCM", LG[| a, | b],
X =ay=byu=bv=a
While[x # y,
(GCD[x,y] = GCD[a,b]) Ax >0Ay >0A(x*xu+y=*v=2%axb),
If[x >y,
X=X—Yy,v=v-+u,
y=y—x;u=u+Vv];
Return[(u + v)/2]],
Specification — Specification['GCD — LCM']]

Semantics:

a>0Ab>0Aa=b= (LG[a, b] = b)

a>0Ab>0AXx#yA(GCD[x,y] = GCD[a,b]) Ax >0Ay >O0A(x*xu+y*xv=2xaxb)
A x>y = True

a>0Ab>0AXx#yA(GCD[x,y] = GCD[a,b]) Ax >0Ay >0A(x*xu+yxv=2xaxb)
Ax <y = True



Example: Program computing simultaneously the GCD and the LCM
of two positive integers

Specification['GCD — LCM", LG[| a, | b],
Pre -a>0Ab >0,
Post — (3 = LCM]|a, b]]
Program[’GCD — LCM", LG[| a, | b],
X =ay=byu=bv=a
While[x # y,
(GCD[x,y] = GCD[a,b]) Ax >0Ay >0A(x*xu+y=*v=2%axb),

If[x >y,
X=X—Yy,v=v-+u,
y=y-—xiu=u+Vv];
Return[(u + v)/2]],
Specification — Specification['GCD — LCM']]

Semantics:

a>0Ab>0Aa=b= (LG[a, b] = b)
a>0Ab>0Ax#yA(GCD[x,y] = GCD[a,b]) Ax >0Ay >0A(x*u+y*xv=2%axb)
A x>y = True
a>0Ab>0AXx#yA(GCD[x,y] = GCD[a,b]) Ax >0Ay >0A(x*u+yxv=2xasxb)
Ax <y = True
a>0Ab > 0A(x" =y A(GCDIX',y']=GCDla, b)) Ax’ > 0Ay" > 0A(x *u' +y xv' =2%axb)

u + v &,
>—)) %

= (LGla, b]=



Linear Search Algorithm, v.1

Specification['LinSearch”, LS[| A, | n, | €],
Pre - n>1,

Post 3 Ay = Agr=eAN V A B
os 4>1<k<n W=e=Apg =e <l WAe=>pB=0

Program[’LinSearch”, LS[| A, | n, | €],
Module[{/, k},
i=1,
While[i < n,
(i<n+1)= 1§Y<r’A[k] # e,
If[e = A[,-],
Returnl[/]];
P=i+1];
Return[0]],
Specification — Specification['LinSearch”]]

Semantics:

n>1A1>n= LS[A ,ne]=0
>1Ai< i < = A —
nilAlinA(lin+1:>1<i<iA[k]#e)/\e Al = (LS[A, n, e] =)

>1IANi<nA(< 1 vV A A Api Ti
n> i<nA(i<n+ ¢1§k<l_ W 7€) Ne# Ay = True

n>1AP">nA(" < n+1:>1<kv<.,A[k];ﬁe)=>(L5[A,n,e]:O)



Linear Search Algorithm, v. 2

Specification[’'LinSearch”, LS[| A, | n, | €],
Pre — n>1,
Post — IS%SnA[k] =e = A[ﬁ] =e
Program[’LinSearch”, LS[| A, | n, | €],
Module[{/, k},
i=1;
While[i < n,
(i<n+1) = lévk<fA[k] #e,
Iffe = A[,-],
break];
i=i+1];
Return[i]],
Specification — Specification['LinSearch”]]

Semantics:
n>1A(1>n)= (LS[A,n el =1)
True

True

n>1=i>nA{"<n+l= VYV Ay#e)= (LS[An e =)
1<k<i



Semantics

Definition

1.

2.

3.

. X[o, (If[p, PT, PF]) — P] = /\{

3[P] = (Ir[a] = X[{a — ao}, Pl{d0 — a})
Y [0, (Return[t]) — P] = (f[&o] = to)

Y[o, (break) — P] = True

. Yo, (vi=t) — P =X[o{v — to}, P]

po = X[o, Pt — P]
—po = X[o, Pr— P]

[0, ()] = True

—po = X[o, P]

. E[o, (inilelp, ¢, B]) — P] = /\{ (o0 A 100 = %[00, B]){Fo— 3}

—po’ Ao’ = Lo/, P]
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Example: Program computing simultaneously the GCD and the LCM
of two positive integers

Specification['GCD — LCM", LG][| a, | b],
Pre = a>0Ab>0,
Post — [3 = LCM|a, b]]
Program[’'GCD — LCM", LG[| a, | b],
x=ay=bhbu=bv=a
While[x # y,
(GCD[x,y] = GCD[a, b)) Ax >0Ay >0A(x*u+ys*v=2%axb),
If[x >y,
X=X—y,v=vVv-+u,
y=y—x;u=u+Vv];
Return[(u + v)/2]],
Specification — Specification['GCD — LCM"]]

Partial Correctness:

b+ a
2

a>0Ab>0A(a=b)= (LCM(a,b) = )



Example: Program computing simultaneously the GCD and the LCM
of two positive integers

Specification['GCD — LCM", LG][| a, | b],
Pre = a>0Ab>0,
Post — [3 = LCM|a, b]]
Program[’'GCD — LCM", LG[| a, | b],
x=ay=bhbu=bv=a
While[x # y,
(GCD[x,y] = GCD[a, b)) Ax >0Ay >0A(x*u+ys*v=2%axb),
If[x >y,
X=X—y,v=vVv-+u,
y=y—x;u=u+Vv];
Return[(u + v)/2]],
Specification — Specification['GCD — LCM"]]

Partial Correctness:

b+ a
5)

a>0Ab>0= (GCD[a,b] = GCD[a,b)] Aa>0Ab>0Aaxb+bxa=2x%asxb)

a>0Ab>0A(a=b)= (LCM(a,b) =



Example: Program computing simultaneously the GCD and the LCM
of two positive integers

Specification['GCD — LCM", LG][| a, | b],
Pre = a>0Ab>0,
Post — [3 = LCM|a, b]]
Program[’'GCD — LCM", LG[| a, | b],
x=ay=bhbu=bv=a
While[x # y,
(GCD[x,y] = GCD[a, b)) Ax >0Ay >0A(x*u+ys*v=2%axb),
If[x >y,
X=X—Yy,Vv=vV-+u,
y=y—x;u=u+Vv];
Return[(u + v)/2]],
Specification — Specification['GCD — LCM"]]

Partial Correctness:

b+a
> )
a>0Ab>0= ((GCD[a,b] = GCD[a,b])Aa>0Ab>0A(axb+bxa=2xaxb))

a>0Ab>0A(a=b)= (LCM(a,b) =

(a>0Ab>0A(GCD[x,y]=GCD[a,b]) Ax >0Ay >0A (xkuty*sv=2%axb) AxF£y Ax>y)
= ((GCD[x —y,y] = GCD[a, b)) Ax —y > 0Ay > 0A((x —y) * u+y* (v+u) =2%axb))



Example: Program computing simultaneously the GCD and the LCM
of two positive integers

Specification['GCD — LCM", LG][| a, | b],
Pre = a>0Ab>0,
Post — (3 = LCM]|a, b]]
Program[’'GCD — LCM", LG[| a, | b],
x=ay=bhbu=bv=a
While[x # y,
(GCD[x,y] = GCD[a,b]) Ax >0Ay >0A(x*xu+y*v=2%axb),
If[x >y,
X=X—y,v=vVv-+u,
y=y-—xiu=u+v];
Return[(u + v)/2]],
Specification — Specification['GCD — LCM"]]

Partial Correctness:

b+ a
> )

a>0Ab>0= ((GCD[a,b] = GCD[a,b])Aa>0Ab>0A(axb+bxa=2xaxb))

a>0Ab>0A(a=b)= (LCM(a,b) =

(a>0Ab>0A(GCD[x,y]=GCD[a,b]) Ax > 0Ay >0A (xxutysxv=2xaxb) Ax#yAx>y)
= ((GCD[x — y,y] = GCD[a,b]) Ax —y > 0Ay > 0A((x —y) *u+y*(v+u) =2%axb))
(a>0Ab>0A(GCD[x,y]=GCD[a,b]) Ax >0Ay >0A (xkuty*v=2xaxb) Ax #y Ax<y)
9((GCD[x,yfx]:GCD[a7b])/\x>0/\yfx>0/\(x*(u+v)+(yfx)*v:2*a*%z’k|.
14



Example: Program computing simultaneously the GCD and the LCM
of two positive integers

Specification['GCD — LCM", LG][| a, | b],
Pre = a>0Ab>0,
Post — (3 = LCM]|a, b]]
Program[’'GCD — LCM", LG[| a, | b],
x=ay=bhbu=bv=a
While[x # y,
(GCD[x,y] = GCD[a,b]) Ax >0Ay >0A(x*xu+y*v=2%axb),
If[x >y,
X=X—y,v=vVv-+u,
y=y—x;u=u+Vv];
Return[(u + v)/2]],
Specification — Specification['GCD — LCM']]

Partial Correctness:

b+ a
> )
a>0Ab>0= ((GCDa,b] = GCD[a,b])Aa>0Ab>0A(axb+bxa=2x%axb))

a>0Ab>0A(a=b)= (LCM(a,b) =

(a>0Ab>0A(GCD[x,y]=GCD[a,b]) Ax >0 Ay >0A (xkuty*rv=2xaxb) Ax £y Ax>y)
= ((GCD[x — y,y] = GCD[a, b)) Ax —y > 0Ay > O0A((x —y) * u+y (v +u) =2%axb))

(a>0Ab>0A(GCD[x,y]=GCD[a,b]) Ax >0Ay >0A (xxutysxv=2xaxb) Ax#yAx<y)
= ((GCD[x,y — x] = GCD[a, b)) Ax > 0Ay —x > 0N (x* (u+v)+(y —x)*v=2%axb))e,

L,

Y
(a>0Ab>0A(GCD[x',y'] = GCD[a, b)Ax" > 0Ny > 0N (X s u' +y v =2xaxb) Ax'=y



Linear Search Algorithm, v.1

Specification[’'LinSearch”, LS[| A, | n, | €],
Pre - n>1,
Post — IS%SnA[k] =e=>Apg =eA gkg A[k] #e=0=0
Program[’'LinSearch”, LS[| A, | n, | €],
Module[{t k},
i=1;
While[i < n,
(i<n+1)= 1SVk<I_A[k] #e,
If[e = A[,'],
Return[i]];
P=it1];
Return[0]],
Specification — Specification['LinSearch”]]

Partial Correctness:

nZl/\1>n:>(1<%I<A[k]:e:>A[O]:e/\l<Y A[k]#e:>0:0)

>1Ai<nA(i<ntl= ¥ A Ne= Ay 3 Ay =e= Ay =
nz1niSaA(isntl= Y AgFe)he=Ay=( 3 Ay=e=Ag=e

ASY A[k]#e:>l—0)

n

\Y

<n
IANi<n (i§n+1=> V _A[k];ée)/\e;éA[;]zb'(ign S\Z’SA[H#E)
n>1A1 >n/\( <n+1:> V A[k]7ée) ( 3 A[k]:e:>A[] en

1<k<n
A =
ISYSn [K] 75 e=i 0)



Linear Search Algorithm, v. 2

Specification['LinSearch”, LS[| A, | n, | €],
Pre - n>1,
Post 3 Ayy=e=Apg =en VY
ost — 1<k<n W € B =e

A =
1<h<n [K] #e= 0 0

Program[’'LinSearch”, LS[| A, | n, | €],

Module[{/, k},
i=1;
While[i < n,

(I <n+ 1) = 1§Y<r’A[k] # e,

If[e = A[,‘],

break];

i=i+1];

Return[/]],

Specification — Specification['LinSearch”]]
Partial Correctness:

>1A1 3 Ay = Ap = vV A 1=
n>1A1>n= (1§k§n IK] e = An en 1<h<n [K] #e= 0)
True

> i < P < i P <
ni1/\17n/\(l7n+1¢1SVk<’_A[k]7fe)/\e75A[,]:>(',n:> YV Ay #e)

n>1A7 >nA( <n+l= 1gY<;/A[” £e) = (IS%SHAW —e= Ay =e
AN Y A i’ =0
1<h<n [K] 7& e =1 )



Partial Correctness

Definition

1.
2.

3.

FPl = T{a — ao}, Irlaol, P{ao — a}

Mo, ®, (Return[y]) — P] = (¢ = Of[ao,vo])

Mo, @, (vi=7v) — P =T[o{v — o}, &, P]

Mo, &, (v:=h[F]) — Pl = (® = Iy[7o]) — Flo{v — h[Fol}, ® A ly[7o], P]

Mo, &, (v:=g[]) — P]=
<d> = IgﬁaD — Mo{v — ¢}, ® A Ig[7o] A Og[70, c], P]

Mo, ®, (If[g, PT, PE]) — P] = lo, ® Ao, Pr — P| — o, ®A~go, Pr — P]
Mo, @, ] =(®=10)

o, ® A —p0, P|
Mo, ®, (While[p, ¢, B]) — P] =— (¢ = 10)

r 00,¢AL00/\500'0,B]{6_0—>5}
Mo, ® Aw' A—po’, P
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Example: Program computing simultaneously the GCD and the LCM
of two positive integers

Specification['GCD — LCM", LG[]| a, | b],
Pre = a>0Ab>0,
Post — (3 = LCM|a, b]]
Program[’'GCD — LCM", LG[| a, | b],
X=ay=bu=bv=a
While[x # y,
(GCD[x,y] = GCD[a, b)) Ax >0Ay >0A(x*u+y*v=2%axb),

If[x >y,
X=x—-y,v=v+u,
y=y—x;u=u+Vv];
Return[(u + v)/2]],
Specification — Specification['GCD — LCM"]]

Termination:



Example: Program computing simultaneously the GCD and the LCM

of two positive integers

Specification['GCD — LCM", LG[]| a, | b],
Pre = a>0Ab>0,
Post — (3 = LCM|a, b]]
Program[’'GCD — LCM", LG[| a, | b],
X=ay=bu=bv=a
While[x # y,
(GCD[x,y] = GCD[a, b)) Ax >0Ay >0A(x*u+y*v=2%axb),

If[x >y,
X=x—-y,v=v+u,
y=y—x;u=u+Vv];
Return[(u + v)/2]],
Specification — Specification['GCD — LCM"]]

Termination:

(a>0Ab>0AXx=y)= w[x,y,u,v]



Example: Program computing simultaneously the GCD and the LCM
of two positive integers

Specification['GCD — LCM", LG[]| a, | b],
Pre = a>0Ab>0,
Post — 3 = LCM|a, b]]
Program[’'GCD — LCM", LG[| a, | b],
x=ay=bhbu=bv=a
While[x # y,
(GCD[x,y] = GCD[a,b]) Ax >0Ay >0A(x*xu+y=*v=2%axb),

If[x >y,
X=X—Yy,v=v-+u,
=y—x;u=u+Vv];

y
Return[(u + v)/2]],
Specification — Specification['GCD — LCM"]]

Termination:

(@a>0Ab>0AXx=y)= 7m[x,y,u,vV]
(@a>0Ab>0AXx>yA(GCD[x,y] = GCD[a,b]) Ax >0Ay >0A(x*xu+ys*v=2%axb)

AT[x =y, y,u, vt u]) = 7y, 0, v]



Example: Program computing simultaneously the GCD and the LCM
of two positive integers

Specification['GCD — LCM", LG[]| a, | b],
Pre = a>0Ab>0,
Post — 3 = LCM|a, b]]
Program[’'GCD — LCM", LG[| a, | b],
X=ay=bu=bv=a
While[x # y,
(GCD[x,y] = GCD[a, b)) Ax >0Ay >0A(x*xu+y*v=2%axb),

If[x >y,
szfy,v_ v+ u,
y=y—x;u=u+Vv];
Return[(u +v)/2]],
Specification — Specification['GCD — LCM"]]

Termination:

(@a>0Ab>0AXx=y)= 7m[x,y,u,vV]

(@a>0Ab>0AXx>yA(GCD[x,y] = GCD[a,b]) Ax >0Ay >0A(x*xu+y*v=2%axb)
AT[x —y,y,u,v+u]) = 7[x,y,u,v]

(@a>0Ab>0AXx<yA(GCD[x,y] = GCD[a,b]) Ax >0Ay >0A(x*xu+ys*v=2%axb)
AT[x,y — x,u+ v, v]) = w[x,y, u, V]



Example: Program computing simultaneously the GCD and the LCM
of two positive integers

Specification['GCD — LCM", LG[]| a, | b],
Pre = a>0Ab>0,
Post — (3 = LCM|a, b]]
Program[’'GCD — LCM", LG[| a, | b],
X=ay=bu=bv=a
While[x # y,
(GCD[x,y] = GCD[a, b)) Ax >0Ay >0A(x*xu+y*v=2%axb),

If[x >y,
X=x—-y,v=v+u,
y=y—x;u=u+Vv];
Return[(u + v)/2]],
Specification — Specification['GCD — LCM"]]

Termination:

(@a>0Ab>0AXx=y)= 7m[x,y,u,vV]
(@a>0Ab>0AXx>yA(GCD[x,y] = GCD[a,b]) Ax >0Ay >0A(x*xu+y*v=2%axb)
Amlx =y, y,uv+ul) = wlx,y, u,v]

(@a>0Ab>0AXx<yA(GCD[x,y] = GCD[a,b]) Ax >0Ay >0A(x*xu+y*v=2%axb)
AT[x,y — x,u+ v,v]) = 7[x,y,u,v]



Example: Program computing simultaneously the GCD and the LCM
of two positive integers

Specification['GCD — LCM", LG][| a, | b],
Pre -a>0Ab>0,
Post — [3 = LCM(a, b)]
Program[’'GCD — LCM", LG[| a, | b],
x=ay=bhbu=bv=a
While[x # y,
(GCD[x,y] = GCD[a, b)) Ax >0Ay >0A(x*u+y*v=2%axb),
If[x >y,
X:X7y,V—V+u,
y=y-—x;u=u+Vv];
Return[(u +v)/2]],
Specification — Specification['GCD — LCM']]

Overall termination condition:

a>0Ab>0AXx=y)= 7[x,y,u,V]
(a>0Ab>0Ax>yA(GCD[x,y] = GCD[a,b]) Ax >0Ay >0A(x*xu+y*v=2%axb)
A Amlx —y,y,u,v+u]) = 7x,y,u,v]
(a>0Ab>0AXx<yA(GCD[x,y] = GCD[a,b]) Ax >0Ay >0A(x*u—+y*xv=2%axb)
AT[x,y — x,u+v,v]) = w[x, y,u, V]
= wla, b, b, a]



Linear Search Algorithm, v.1

Specification['LinSearch”, LS[| A, | n, | €],
Pre —» n>1,

Post — lgilﬁnA[k] =e= A[ﬁ] =eA ISYSnA[k] #e= =0

Program[’'LinSearch”, LS[| A, | n, | €],
Module[{/, k},
i=1;
while[i < n,
i < 1 vV A
(i<n+ ):>1§k<’, W 7 €

If[e = A[,-],
Returnl[i]];
i=i+1];
Return[0]],
Specification — Specification['LinSearch”]]

Overall termination condition:

n>1ANi>n= =[]
_ A nZl/\lSn/\(lgn+l)élgvk<fA[k];ée/\(e:A[,-])éﬂ'[l] :>ﬂ_[1]>
nZlAignA(i§n+1):>1<‘i A # e N(e# Ap) Arli +1] = [i]
<k<i



Linear Search Algorithm, v. 2

Specification['LinSearch”, LS[| A, | n, | €],
Pre - n2>1,

Post 3 Ay = Agr=eAN V A =
os ngkgn W=e=Apg =e <l WAe=>pB=0

Program[’LinSearch”, LS[| A, | n, | €],
Module[{/, k},
i=1,
While[i < n,
i < 1 A
(i<n+ ):>1§Y<i K7 e

If[e = Ap,
break];
i=i+1];
Return[i]],
Specification — Specification['LinSearch”]]

Overall termination condition:

n>1Ai>n= =[]
n>1Ai<nA(i<n+1)=
n>1ANi<nA(i<n+1)=

i

A # e A (e # Ay) A i+ 1] = il

i

1g\Z<‘AW #eN(e=Ap) = 7[i] = 7'r[1]>
v
1<k<



Termination

Definition

1.

2.

3.

Ofo, @, (Return[g]) — Pl =)

Ofo, @, (break) — P] = ()

. Ofo, @, (v:i=7) — Pl =0[c{v — o}, &, P]
. Olo, &, (If[¢, Pr, PF]) — P] = Olc, ®Apo, Pr — P]AO[o, ® A—po, PF — P]
- [0, ¢, )] =)

. Ofo, @, (While[yp, ¢, B] — P] =

©[o, ® A ~ypo, P]
DA = w[do0]{d 5 -
</\ ( ¢oo) = mloool{do — oy :>7r[5cr/]>
~ @’[ag,d)/\apao/\bao,B,ﬂ'] = 7[doo]{do — &}
@[UO,CD A pog A Lo, B} {80 — &}
O[o’,® Ao’ A—po’, P]



Contd
De

1

2

3

4,

De
1
2

3

finition
. ©'[o, &, (), 7] = (¢ An[do])
. @0, ®, (Return[]) — P, 7] = @
. ©'[o, ¥, (break) — P,7] = &
@’[a, Cb, PT ~ P,ﬂ']
O'[o, b, (1£[p, Pr, Pr,7]) — P] =V
lo. @, {1£le. Pr. Pr.]) — Pl {e'[a, ®, Pr — P,
. ©'[o, &, (While[yp, ¢, B,7]) — P] = ©"[o, &, (While[p, ¢, B]) — P,n]
finition
. ©"o, @, (), 7] = (® An[od,7])
. ©'[o, ®, (break) — P,7] =F
. ©"[o, ®, (Return[d]) — P, 7] = ¢
©"[o, &, P+ — P, 7]
. ©"[0, &, (1t[p, Pr, PF]) — P, 7] = v
[o (Itle, Pr, PF]) g {@”[U7 &, Pr— P,
O [o,® A ~po, P, ]
. ©"[o, ®, (Whilelp, ¢, B]) — P,m] =V {©0"[0,® A po A Lo, B, 7]

O o, ® A —po’ Ao, P, 7]



Outline

Examples



Termination of Non-Recursive Single While Loops Programs; 2

non-nested loops
Binary Division Algorithm, by Kaldewaij

Specification['BinaryDivision”, BD[| A, | B],
Pre = A>0AB >0,
Post — (3 = A%B]
Program['BinaryDivision”, BD[| a, | b],
q=0r=Ab=B8;
While[r > b,

(kgobzz“*s)/\q:OAr:A/\AzoAB>0, (*invariant*)

b =2 % b]; (*endwhilex)
While[b # B,

A=q*b+rAr> OA(kgob:Zk *B) AB>0Ab>r, (xinvariantx)
g=2xqb=0b/2 -
[r > b,
q=q+1;r=r—b]]; (*then,endwhile*)
Return(r]]

Specification — Specification[’BinaryDivision"]]

Overall termination conditions:

(A>0AB>0AF<b)= mb]
N

(A20/\B>0/\r2b/\(k§0b:2k*8)Aq:OAr:A/\Az0/\B>0/\7r1[2*b]):wl[b]

= m1[B]

1st While



Termination of Non-Recursive Single While Loops Programs; 2
non-nested loops

Binary Division Algorithm, by Kaldewaij
Specification['BinaryDivision”, BD[| A, | B],
Pre = A>0AB >0,
Post — 3 = A%B]
Program['BinaryDivision”, BD[| a, | b],
q=0;r=Ab=B5B;
While[r > b,

(kgobzz“*s)/\q:OAr:AAAzoAB>0, (*invariant*)

b =2 % b]; (*endwhilex)
While[b # B,

A=q*b+rAr> OA(kgob:Zk *B) AB>0Ab>r, (xinvariantx)
g=2xqb=0b/2 -
1£[r > b,
q=q+1;r=r—b]]; (*then,endwhile*)
Return(r]]

Specification — Specification['BinaryDivision"]]
Overall termination conditions:
(A>0AB>0AA<BAb=B = mlq,b,r]

(AEO/\B>0/\A<B/\b#BAA:q*b+r/\rZOA(kiob:Qk*B)/\B>0/\b>r/\r2b

A2 % q+1,b/2,r — b)) = mp[q, b, r] - = m[0, B, Al
(b#B/\A:q*b+IArZO/\(kgob:Zk*B)/\B>0/\b>r/\r<b/\7r2[2*q,b/2,r]) = molq, b, ]

AZ0/\B>Ol\kgobl:Zk*B/\q:OI\r:A/\A20/\3>0/\r<b//\b:B:>1r2[q,b,r]

(Az0/\B>0/\k§0b':2k*BAq:0/\r:AAA20/\B>0/\r<b’Ab;!BAA:q*b+r/\r20

k
/\(kgob:2 *B) AB>0Ab>rAr>bAm2%q+1,b/2,r— b)) = mp[q, b, r] :>7r2[0,b/,A]
(AZ0/\B>0/\k§0b/:2k*Bq:0/\r:A/\AZO/\B>O/\r<b//\b#BAA:q*b-%-r/\rZO

/\(kgob:Zk*B)/\B>0/\b>rAr<b/\7r2[2*q,b/2,r]) = mlq, b, ]

W
2nd While



Termination of Non-Recursive Nested While Loops Programs

Program searching for an element in a matrix

Specification['Search”, Search[| A, | m, | n, | €],
Pre = m>1An>1,
Post — 3 3 A =e= A =eAN v v A e=>y=0
1<icmi<i<a 1K 1811182] 1<f<mi<i< I 7 e =Y
Program|’Search”, Search[| A, | m, | n, | e,
i=1j=1
While[i < m,
i<m+1= 4 Y Apar e, (xinvariant*)
= 1<keit<i< W 7 €
While[j < n,
j<n+1= v vV o Af; e, (xinvariantx)
I= 1<i<m1<i< 0 7 et
tile = Ajjj)
Return[(/, j)]]; (xthen, endifx)
j =Jj+1]; (*endwhile*)
i=i+1]; (*endwhile*)
Return([0]],
Specification — Specification['GCD — LCM']]

Overall termination condition: the invariant is omitted for readability of the formulae.

m>1An>1A0i>m= 71[i,]]
m>1An>1Ai<mAj>nArpi+1,)] = 71li,J]

A mzlAnz1Aigm/\jgnAA[i]U]:e:wl[i,j] = my[1,1] (outer While)
le/\nz1/\i§mAjgn/\A[I-]m;z’e/\Trl[i,j+1]:>7r1[i,j]
m>1An>1Ai<mAj >nAmli+1,4] = mli ]
m>1An>1AI<mAj>n= ml]

AL mZ21AnZ1IAISmAj < nAAG = e = moll = mp[l] (inner While)
m>1An>1A0<

m/\anAA[I-”j]#eAﬂz[i+1]$7r2[/]



Thank you!

Questions?
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